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Abstract 

For a finite dimensional simple Lie algebra g, the standard universal solution R{x) £ 
Uq{g)^^ of the Quantum Dynamical Yang-Baxter Equation quantizes the standard trigono¬ 
metric solution of the Classical Dynamical Yang-Baxter Equation. It can be built from the 
standard it-matrix and from the solution F{x) € Uq{g)®'^ of the Quantum Dynamical co- 
Cycle Equation as R{x) = r’2dU) R Fi2{x). F{x) can be computed explicitely as an infinite 
product through the use of an auxiliary linear equation, the ABRR equation. 

Inspired by explicit results in the fundamental representation, it has been conjectured 
that, in the case where g = sl{n -1-1) {n > 1) only, there could exist an element M{x) € 
Uq{sl{n + 1)) such that the dynamical gauge transform R'^ of R{x) by M{x), 

R^ — Mi{x)~^ M2{xq^^)~^ R{x)Mi{xq^'^)M2{x), 

does not depend on x and is a universal solution of the Quantum Yang-Baxter Equation. 
In the fundamental representation, R^ corresponds to the standard solution R for n = 1 
and to the Cremmer-Gervais’s one i?i 2 = R\- 2 Ji 2 for n > 1. For consistency, M{x) 

should therefore satisfy the Quantum Dynamical coBoundary Equation, i.e 

F{x) = A{M{x))JM 2 {x)-\Mi{xq^^))-\ 

in which J £ Uq{sl{n 1))®^ is the universal cocycle associated to the Cremmer-Gervais’s 
solution. 

The aim of this article is to prove this conjecture and to study the properties of the 
solutions of the Quantum Dynamical coBoundary Equation. In particular, by introducing 
new basic algebraic objects which are the building blocks of the Gauss decomposition of 
Mix), we construct M{x) in Uq{sl{n + 1)) as an explicit infinite product which converges 
in every finite dimensional representation. We emphasize the relations between these basic 
objects and some Non Standard Loop algebras and exhibit relations with the dynamical 
quantum Weyl group. 
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te-mail: Philippe.Roche@lpta.univ-montp2.fr 
le-mail: Veronique.Terras@lpta.univ-montp2.fr 
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Introduction 


1.1 History of the problem 

The theory of dynamical quantum groups is nowadays a well established part of mathematics, see 
for example the review by P. Etingof ini This theory originated from the notion of Dynamical 
Yang-Baxter equation which arose in the work of Gervais-Neveu on Liouville theory m and was 
formalized first by G. Felder m who also understood its relation with IRE statistical models. 
The work |5] gives some connections between Dynamical Yang-Baxter Equation and various 
models in mathematical physics. 

In 1991, O. Babelon ^ found a universal explicit solution F{x) to the Quantum Dynamical 
Yang-Baxter equation in the case where g = sl{2). He obtained this solution F{x) by showing 
that it is a Quantum Dynamical coBoundary, i.e. F{x) = A{M{x))M 2 {x)~^{Mi{xq^^))~^. The 
question whether this work can be generalized to any finite dimensional simple Lie algebra is an 
important problem which has, until now, received only uncomplete solution. 

It has been shown in (see also [22) that, in the case of any finite dimensional simple 
Lie algebra g, the standard solution F{x) of the Dynamical Gocycle Equation of weight zero 
satisfying an additional condition (of triangularity type) can be obtained as the unique solution 
of a linear equation now called the ABRR equation. It implies that F{x) can be expressed as an 
explicit infinite product which converges in any finite dimensional representation. It remained 
nevertheless to study whether F{x) is a dynamical coboundary and, if it is the case, to construct 
explicitely M{x) £ Gq(g). 

For g = sl{2), we have shown m that M{x) can be written as a simple infinite product 
which simplifies greatly the solution given in 

Concerning the more general case g = sl{n + 1), the first hint appears in the article m on 
the study of Toda field theory: the authors of m proved in particular that, in the fundamen¬ 
tal representation of sZ(n -|- 1), the standard solution of the dynamical Yang-Baxter equation 
(computed first in |2) can be dynamically gauged through a matrix M{x) to a constant solu¬ 
tion of the Yang-Baxter Equation which is non standard in the case where n > 2 and is now 
called the “Cremmer-Gervais’s” solution. The expression of M{x)~^ is especially simple: it is a 
Vandermonde matrix. 

In the classification of Belavin and Drinfeld jS] , in which all the non-skewsymmetric classical 
r-matrices for simple Lie algebras are, up to an isomorphism, classified by a combinatorial object 
called the Belavin-Drinfeld triple, the Cremmer-Gervais’s solution is associated to a particular 
Belavin-Triple of sl{n + 1) known as the shift r. 

Moreover, it was proved in |2] that it is only for g = s/(n -|- 1) that the standard solution 
of the dynamical Yang-Baxter equation can be dynamically gauged to a constant solution of 
Yang-Baxter Equation which, in that case, is a quantization of the r-matrix associated to the 
shift T. 

Later, O. Schiffman m generalized the notion of Belavin-Drinfeld triple and provided a 
classification of classical dynamical r-matrices up to isomorphism through the use of generalized 
Belavin-Drinfeld triple. Then, P. Etingof, T. Schedler and O. Schiffmann m managed to 
quantize explicitely all the previous generalized Belavin-Drinfeld triple. In particular, they 
obtained a universal expression for the twist J G Uq{sl{n + 1))®^ associated to the shift. The 
universal Cremmer-Gervais’s solution is therefore R'^ = J 21 Ri 2 Ji 2 - 

On the basis of all these works a natural problem to address is to construct a universal 
coboundary element in t/q(g) for g = sl(n -|- 1) , i.e. to solve the equation 

F{x) = A{M{x))JM 2 {x)-^{Mi{xq^^))-^ (1) 
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where F{x) is the standard solution of the dynamical cocycle equation in Uq{sl(n + 1))®^ and 
J is the universal twist associated to the shift. 

We will solve this problem in the present work. 

1.2 Description and content of the present work 

Section |3 contains results (old and new) on quantum groups. We recall the definition and 
properties of and give emphasis on the quantum Weyl group and the explicit expressions 

for the standard i?-matrix. We then recall the definition of a Belavin-Drinfeld triple and analyze 
the sZ(n+1) case with the special triple known as shift. We give in this case a direct construction 
of the universal twist as a simple finite product of g-exponentials. Note that this construction 
is purely combinatorial and does not rely on the result of [la 

In Section 0 we recall some results on dynamical quantum groups. We present the quantum 
dynamical cocycle equation, the linear equation and give a summary of the results of Etingof, 
Schedler, Schiffmann m We then formulate precisely the Dynamical coBoundary Equation 
and recall the known results in the fundamental representation of sl{n + 1 ). 

Section 21 is the core of our work. We introduce the notion of primitive loop which is con¬ 
structed from any solution of the Dynamical coBoundary Equation. This primitive loop satisfies 
a reflection equation with the corresponding i?-matrix being of Cremmer-Gervais’s type. We 
then study the Gauss decomposition of M (x) and shows that additional properties satisfied by 
these objects implies the Dynamical coBoundary Equation. 

Section 21 is devoted to the explicit construction of M{x) in the Uq{sl{n + 1)) case as an 
infinite product converging in every finite dimensional representation. 

In Section21we analyze the relations between M{x) and the dynamical quantum Weyl group. 

Section[3contains a construction of M{x) through the representation theory of non-standard 
reflection algebras, and in particular through what we call the primitive representations. 


2 Results on Quantum Universal Envelopping Algebras 

2.1 Basic Results on Quantized Simple Lie Algebras 

Let 0 be a finite dimensional simple complex Lie algebra. We denote by 1) a Gartan subalgebra 
and by r the rank of g. Let $ be the set of roots, {at, i = 1,... ,r) a, choice of simple roots and 
d>+ the corresponding set of positive roots. 

Let (,) be a non zero ad-invariant symmetric bilinear form on g. Its restriction on f) is non 
degenerate and therefore induces a non degenerate symmetric bilinear form on [)* that we still 
denote (,). We denote by D the element in S'^(g)® (the vector space of symmetric elements of 
g ®2 invariant under the adjoint action) associated to (,), and by its projection on f)®^. 

Let A = iflij) be the Gartan matrix of g, with elements = 2■ There exists a unique 
collection of coprime positive integers di such that diUij = ajidj. (,) is then uniquely defined by 
imposing that (oi, ai) = 2di. 

If a £ 1)*, we define the element G t) such that {ta,h) = a{h), V/i £ 1), and denote 
t)a = Cta- To each root a we associate the coroot and denote ha = , therefore 

h - M 

'^Cti — '^Oti • 

Let G f)* be the set of fundamental weights, i.e. X°‘^{haj) = Sj. We will also 

denote by £ ()■ 

Let us now define the Hopf algebra f7g(g). We will assume that g is a complex number 
with 0 < IqI < 1. We define for each root Qa = as well as qi = and we denote 
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[zh = iEf^, zee. 

Uq{Q) is the unital associative algebra generated by , •. •, ea^, fd, ■ ■ ■, fd q^,h € i), 
with defining relations: 


q'^e^q-^ = q^^^'^^ed, gVc.?"" = , Vh,h'G(), 


ha- —he, 

" -q^ 


[^aj 5/0:7] — ^ij _i 5 

Qi-Qi 


l—ai 


E 

k^O 

1 O-ij 

E 

fe =0 


i—1 i* 

_ '' > _ p^-a-ij-k pk — 0 

[%![l-a,,-fc],.! “• “• ’ 

k 


(- 1 ) 


[k]g,l[l-aij -k]q,\ 


fi-aij-tc f — f) 

J Oil J J OLi 


( 2 ) 

(3) 

(4) 

(5) 


Uq{Q) is a Hopf algebra with coproduct: 

^{q^)=q^®q^, A(eaJ = + 1 A(/aJ =/q,, (g) 1 + g. (g)(6) 

Let us now define different notions associated to the polarisation of Uq{Q). We denote by 
Uq{b+) (resp. [/g(b_)) the algebra generated by q^, h £ 1), 6^, i = 1 , (resp. g^, /q^, 
i = 1, ..., r), and by f7q(n+) (resp. Uq{n-)) the subalgebra of f7q(g) generated by Cq^, i = 1 , ..., r 
(resp. fd, i = I)---??")- We have Uq{b+) = Uq{n+) (g Uq{l)) as a vector space as well as 
Uq{b^) = Uq{l)) (g Uq{n-). We denote by l± : Uq{b±) Uq{i)) the projections on the zero- 
weight subspaces. i± are morphisms of algebra and we define the ideals U^{q) = kerL±. Endly, 
we denote by Cq(t)) the centralizer in Uq{Q) of the subalgebra Uq{l)), i.e. the subalgebra of 
zero-weight elements of Uq{Q). 


We now define a completion of Uq{ 2 ) which enables us to define elements (such as R) which 
are expressed in Uqlo) as an infinite series or infinite product, but which evaluation in each 
finite dimensional representation is well defined. We denote the category of finite 

dimensional representations of Uq{Q), its objects are finite dimensional f7q(g)-modules and arrows 
are interwiners. We define Vect to be the category of vector spaces. There is a forgetful functor 
U : ^ Vect. We now define End(U) to be the set of natural transformations from 

U to U which preserve the addition, i.e. an element a G End(U) is a family of endomorphisms 
ay G End(V) such that: 

(naturality) for all / : V ^ W intertwiner then aw ° f = f ° o.v, (7) 

(additivity) av@w = ay (B aw- ( 8 ) 

End(U) is naturally endowed with a structure of algebra. We have a canonical homomorphism of 
algebra Uq{Q) End(U) which associates to each element a G Uq{Q) the natural transformation 
whose V component is the element Try{a). We denote {Uq{g)y = End(U) this completion. 

We can extend this construction to define a completion of as follows. We define U®" 

to be the functor from the category Repy"|.g^ to Vect which associates to an n-uplet (Vi,..., Vn) 
the vector space g)LiVi. We define End(U®") to be the set of natural transformations from 
U®" to U®" which are additive in each entry. An element a in End(U®") is therefore a family 
of endomorphisms , ...Vn e End(g'L]^V)) satisfying the axioms of naturality and additivity in 
each entry. End(U®") is naturally endowed with a structure of algebra and we denote as well 
([ 7 ,( 0 )®”)^ = End(U®”). 
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The coproduct of therefore defines a morphism of algebras from (C/q(g))° to 
which associates to the element a £ iUq{Q)Y the element A(a) where A(a)y^vF = ctv^w- 
We now define the corresponding completions of t/^(g), Ug^i)), C'q(t)). 

Let y be a finite dimensional C/g(g)-module, it is t) semisimple and we have V = 

An element a G End(y) is said strictly upper triangular if ay[A] C ©a'>a 1^[A']. An element 
a G End(y) is said to be zero-weight if aV[X] C y[A]. If a is zero-weight and such that the 
restriction of a to y[A] is proportional to idy[A], a is said to be diagonal. 

We define {Ug{g)y as being the subspace of elements a G {Uq{g)y such that ay is strictly 
upper triangular for all finite dimensional module V. The analog definition holds for strictly 
lower triangular and this notion defines the subspace {U~{Q)y. Note that {U^{g)y are subal¬ 
gebras (without unit) of (f7g(g))'^ and that the canonical homomorphisms can be restricted to 
homomorphisms of algebras U^{q) (fA^(g))'^- 

We define {Uq{i))y as being the subalgebra of elements a G (tfg(g))'= such that ay is diagonal 
for all finite dimensional module V. We also define (Cq{i))Y the subalgebra of elements a G 
(C/q(g))'^ such that ay is zero-weight for all finite dimensional module V. As a result we define 
the subalgebras (f7q(b±))^ = {Uq{t))y © (t/q=^(g))=. 


t/q(g) is a quasitriangular Hopf algebra with an i?-matrix R G {Uq{b+) © Uq{b-)y, called 
the standard i?-matrix, which satisfies the following quasitriangularity axioms: 

(A © id) ) = i?^3 ^ i?^3 ^, (id © A) ) = i?^3 ^ ^, (9) 

A(a) = A'(a)i?(=^^ Va G ^^(g). (10) 

Here we have used the notation = R12, R^~'^ = R^i- The explicit expression of R in terms 
of the root system will be recalled further (see Eq. (EH)- 

Moreover Uq{Q) is a ribbon Hopf algebra, which means that it exists an invertible element 
V G {Uq{Q)Y such that 


u is a central element, 

= uS(u), e(v) = 1, S(v) = V, (11) 

A(v) = (R 2 iRi 2 )~^(v ^ v). ( 12 ) 


Here, u is the element u = S{bi)ai G {Uq{g)Y, where S is the antipode and R = ® Y- 

It satisfies the properties 


S‘^{x) = uxu Vx G Hq(g), 
A(u) = (i? 2 ll? 12 )~^(u © u). 


(13) 

(14) 


In this framework, the element ^ = uv ^ is a group-like element that we choose as follows: 




with 


= )i: 


a. 




As a result, in a representation tt of highest weight A, v is constant and takes the value q A A+2p) ^ 
In the case where g = sl{n + 1), the fundamental representation (also called the vector 
/ / 

representation) is denoted tt: Uq{Q) Mat„+i(C) and we have tt (d^J = Ei^i — 

/ / 

Yai) = TT {faY = Ei+i y where Ei j is the basis of elementary matrices of Mat„+i(C). 

. . . / n(n+2) 

The explicit value of v in the fundamental representation is given by tt (u) = q "+i 1. 
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Let us now review the explicit construction of the ii-matrix using the quantum Weyl group. 
In order to obtain simple formulas we need to introduce the ^-exponential function. The 
g-exponential is the meromorphic function 


e 


Z 

q 


+ CXD 

E 


n—O 



1 

((1 - q'^)z;q'^)oo 


zGC 


(15) 


1 

with the notation (z)g = q^~^[z\q = . Elementary properties of the ^-exponential function, 

useful to derive combinatorially the properties of i?-matrices and the quantum Weyl elements 
in the spirit of are now recalled. We have, for any z G C, 


eg e-f, = 1, (16) 

ef"" = eq{l + {q^ -l)z), (17) 

and for any elements x, y 


+ 00 

e, y e~-i = y + E 


ik)c 




(18) 


where [x^y]q 2 xn = xy — q^'^yx. 

For any x, y such that xy = q^yx, 


pX+y _ y X 
^q 5 

pX pV — pV pX 

^q ^q ^q ^q ^q' 


(19) 

( 20 ) 


In the case where g = sl{2), we have R = KR where K = q''^’' and R = 
quantum Weyl group of Uq{sl{2)) is formed by the element w G {Uq{sl{2))y defined as: 

w = e^_i q~^ e“fi q~^ e^_i q~^ (21) 

= e^_i q 4 e^_i q 4 e^_i q =. (22) 

The quantum Weyl group element w satisfies the two identities: 


A(ui) = R ® w), 

'-2 — 

W = q 2 


(23) 

(24) 


where ^ G {Uq{sl{2)))‘^ is a central group element which value in each irreducible finite dimen¬ 
sional representation of dimension k is (—1)^“^. 

In the general case, let W be the Weyl group associated to the root system $. For each 
root a, let Sq, G VF be its associated reflection. For any two distinct nodes i,j of the Dynkin 
diagram we define an integer rriij by rriij = 2, 3,4,6 respectively if aijUji = 0,1, 2, 3. The defining 
relations of W are: s^. = 1, (saiSa^)'"*-’ = 1- 

The braid group B associated to W is the group generated by tri,..., (7^ and satisfying the 
braid relations 


tTitJ,- 


y/2 = [a^a,] 


,72 


(25) 


where we have used the following notation: if a, b are two elements of a group we define 
for n > 0 to be the element if n is even and if n is odd. 
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To each simple root a we associate an element Wa as follows: if Uq{sl{2))a is the Hopf 
subalgebra of generated by e^, fa, (h £ l)a), we have Uq{sl{2))a = Uq^{sl{2)) as 

a Hopf algebra, and therefore we can construct the element Wa of {Uq{sl(2))aY by the same 
procedure as 113). The elements Wat satisfy the braid relations it^ . One therefore obtains a 
morphism from the braid group B to the group of invertible elements of Uq{Q) which is called 
the quantum Weyl group mini. 

Let w = Sai^ ■ ■ ■ Sail, be a reduced expression of an element w G W, then the element 
w = Wai^ ■ ■ ■ Wail, does not depend on the choice of the reduced expression. One can therefore 
associate to w the automorphism of Uq^g) defined as Tuu^a) = waw~^. 

Let Wo be the longest element of W and let wq = be a reduced expression. 

We have p = The set {oii, (cTij),..., Sai^ ■ ■ ■ («ip)} contains every positive root 

exactly once and defines therefore an order on the set of positive root by: 


aq < Sai^ (aq) < • ■ ■ < (aq)- (26) 

This ordering of positive roots is a normal ordering in the sense of V. Tolstoy HD . 

Using this ordering, one can now express the standard i?-matrix of Uq(g) in a similar way as in 
the Uq{sl(2)) case. Indeed, for a £ $+, there exists a unique k such that a = ... Sq,^^ ^ (o^ifc )> 

which enables us to define Cq = i^ik) well as fa = Tai^ ■ ■ ■ (/q)- The 

algebra generated by Cq,, fa, q^ {h £ i)a) is Uq^{sl{2)). We therefore define 


Ra = e 


(gc-qc^)ec0fc 

-1 


(27) 


The standard i?-matrix of Uq(g) is expressed as: 


R = KR where K = ^ 

j=i 

Its associated classical r-matrix is 

1 (*^1 r 

a6$+ 


> 

and R= Ra, 


(28) 


(29) 


An important result states that the value of the standard i?-matrix (m is independent of 
the choice of the reduced expression of wq. Moreover, we have by construction 

A(w)o) = (K) Wo). (30) 

If we define ui = q = this element satisfies: 


A(a;) = R ^u’iU!2. 


(31) 


Let us finally precise simpler conventions in the case g = sZ(n +1). We will use the shortened 
notations = hai, = C“S /(i) = fai, as well as Wai = W(iy We will choose 

the following reduced expression of wq: 


Wo = W(i){w(2)W(i))... (w(„) ... W(i)), (32) 

which implies the following ordering on roots: 


Oi < Oi + 02 < 02 < ■ ■ ■ 

• • • < CUn—l < Oi + 02 + • • • + On < O2 + ' ' ’ + On < ' ’ ' < On —1 + On < On. (33) 
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If 1 < i < j < n, we define the positive root = X]fc=i therefore construct a Cartan- 

Weyl basis in two different ways. The first one has already been explained, we denote 6 ^^, /ay 
the corresponding elements. The second one uses the inductive algorithm of [531 ■ We denote by 
e(y),/(y) the corresponding elements. We have Cay = /ay = (-l)*“Vfe)- 

/ / 

In the fundamental representation, we have tt (e(y)) = Eij+i, ir {f(ij)) = and the 

f f 

explicit expression R = (tt (gi 7r)(i?) of the standard R-matrix is given by 


R = g 


= n "+i 


n+1 

2=1 


) Eii + 


E 

l<2:^j<n+l 


Eii ^ Ejj “h (q q ) ^ ^ Eij 




'J 2 


(34) 


2.2 Belavin-Drinfeld Triples and Cremmer-Gervais /^-matrices 

We recall here the notion of Belavin-Drinfeld triple and study the sl{n + 1) case with a special 
attention to the shift and to the universal construction of the Cremmer-Gervais’s solution. 

A Belavin-Drinfeld triple |H] for a simple Lie algebra g is a triple (ri,r 2 ,r) where ri,r 2 
are subsets of the Dynkin diagram T of g and T : Ti —> r 2 is an isomorphism which preserves 
the inner product and satisfies the nilpotency condition: if a G Ti then there exists k such that 
T^“^(q;) G Ti but T^{a) ^ Ti. We extend T to a Lie algebra homomorphism T : n+ —> n+ by 
setting on simple root elements T{ea) = eT{a) for a G Ti, and zero otherwise. 

Any solution r to the GYBE satisfying r -f r 2 i = D is equivalent, under an automorphism of 
g, to a solution of the form 

- 1-00 . 

rT,s=r-s+ E T\ea)Afa, (35) 

aG$+ l=l 

where s G /\^ f) is a solution of the affine equations: 

2((a — Ta) (g) id){s) = ((a -I- Ta) g zd)(r2|,). (36) 

Given a Belavin-Drinfeld triple, the affine space of the s satisfying the previous equations is of 
dimension k{k — l)/2 where k = |r \ Tij. 

In the present work, we are mainly concerned with the case where g = sl{n + 1), and with 
the following Belavin-Drinfeld triple, known as the shift: 

r = {cHi ■ • ■ j CKn}, Li = {a2,..., q:„}, r2 = {ai,..., 

T : ri^r2 , (37) 

Since in this case fc = 1, this Belavin-Drinfeld triple selects a unique s G /\^ () which is 

.. n—1 

^ = (38) 

J =1 

The quantization of the corresponding r-matrix in the fundamental representation is known 
as the Gremmer-Gervais’s solution caEi. A universal construction has been given in m in the 
case g = sl{S), whereas the complete understanding of the explicit expression of the quantization 
of any solution of Belavin-Drinfeld type has been given in We will not follow here this last 
result, and will instead construct directly the quantization of the r-matrix associated to the 
shift. The expression that we will obtain is simpler than the one obtained by the method of 



Let us first recall the notion of cocycle. An invertible element J G satisfying 

(A ig) id)(J)Ji2 = (id ig) A)(J)J23, (39) 

is called a cocycle. If J is a cocycle, ([/^(g))'^ can be endowed with a new quasitriangular 
Hopf algebra structure with twisted coproduct = J(^^A(.)Ji 2 , and twisted i?-matrix 

i?”' = J-^R,h 2 - We define = R\ R-^^-'> = 

We will now construct the universal twist associated to the shift triple. We define two 
morphisms of algebras: 

r : Uq{n+) Uq{n+) 

ep) Vi = 2,...n, e(i) 0, (40) 

f : Uq(n-) Uq(n-) 

/(*)'-^ /(i+i), Vz = l,...n-1, /(„)'-^0. (41) 

Remark 2.1. In order to simplify expressions we will use the notations e(o) = = /(n+i) = 

^(n+l) _ 

We have the following result: 

Theorem 1: 

For g = s?(n + 1), a solution J of the cocycle equation 

{A®id)(J) Ji 2 = (id® A)(J) J 23 , (42) 

associated to the shift t is given by: 

-\-oo 

J = j['=l with (43) 

k^l 

where, Wk €W, 

=(r'=®zd)(i?) e (l®l + (t/+(g)®C/-(g))^), (44) 

This solution will be called Cremmer-Gervais cocycle and W = Jf^RJi 2 will be called Cremmer- 
Gervais i?—matrix. 


Remark 2.2. Due to the nilpotency of r all the products are actually finite. More precisely, 
j\k\ ^ = 1 0 1 , Vfc > n. 

Remark 2.3. For any m such that 0 < m < k, one has also ®f™)(R), the resulting 

expression being independent of m. 

Proof : Let us give a direct proof of the cocycle identity for J in this framework. First, let us 
remark the following elementary results deduced from the properties of the coproduct: 

(A ® zd) S §, (id ® A) ) = 5 ^ 3 ] 5W, (46) 

and the properties of the i?-matrix using r: 

(A®id)(r'^y) = :r°^^lji^i, 

(zd®A)(j^'=l)= 

y[k] 'J\k,7n] 'j[m] _ 'j[k,m] y[fc] 

^12 ^ 1 ( 2|3 ^23 ~ ^23 ^ 1 | 2 ) 3 '^ 12 ’ 


9 


(47) 

(48) 

(49) 



where we have defined 


® ® K 23 ), 

(50) 

f™)(iv-ii?i3 K 32 ). 

(51) 


These elements are well defined because K 2 ^Ri^K 23 and belong to (C/q(n+) ® 

Uq{i)) 0 Uq{n~)Y. Using the explicit values of lU, J and the properties of r, one can also prove 
that: 


[4r", ^2 ] = 0, V i, j / 1 < i < j < n - 1, (52) 

= 0, VA,mG {l,...,n-l}/fc+m<n-l, (53) 
= Vb|2”™’4[2)™’’”’(lul'-™')-\ VO < m < 1 < n-1. (54) 

(EU is an immediate consequence of the fact that G Af' 0 , where A'^ (resp. A^ ) is the 

subalgebra of 17 ^( 0 ) generated by \ e(fc), A: = 1,..., n — i (resp. generated by g‘’*'\/(fe), k = 
i + 1,..., n). In order to check (1^ and lEll . we use the following notation: 


1U|^' = 


n 




(55) 


with 


47^ = “( “1 if i,j,m g{1, 


,n-l}, j = m + i, 

, n - 1}, j = m + i + 1, 


1 if i,j,m g{1, 

if 

0 otherwise. 

(I53II follows immediately from the fact that 

■ , 'ii,j,k,m€ {l,...,n—1} / i + fc<n —1,1 < m — k, 


m _ m — k 

-m _ m-k 
^i,j ^i,j-k^ 


(56) 


(57) 

(58) 


,, yi,j,k,m G {1,..., n —1} / 1 < m — k,l < j — k, 
and EH is equivalent to 

+/i(p_m) +4-7j Ci'^7 Vl,TO,p / 1 < m+l<;<p-l<n-l, (59) 

which is satisfied due to the relation 

We can now prove the cocycle identity for J by recursion. Indeed, using properties ESJ-EHi 
we deduce easily the following recursion relation, proved in Appendix 19.21 iLemma E|l : 


n —1 


n—1 




k—p 


k—p 


n—i n—i 

(*d0A)(jW) n n 


M-p] 

23 ’ 


k—p-\-l 


k—p-\-l 
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and having remarked that 


n—1 n—1 

(A ® ^d){J) Ji2= n {^13' •^i( 2 i '3 ^23’} { n , 

k^l 

n—1 n—1 


(zd® A)(j) J 23 =n'^ 23 . 

k—l k—1 

we conclude the proof of the cocycle identity verified by J. □ 

In the following, we extend the morphisms of algebras r and f to t/q(b+) and Uq{b^) respec¬ 
tively as 

i = 2,...,n, r(C«) = 0, (60) 

, = f(^(")) = 0 . (61) 

Note that, with this definition, r and f are not morphisms of Hopf algebras and are different 
from the extension of CSl Indeed, their action on the coproduct is given as 

(r (g) t) (A(a)) = g'*' ’ A (T(a)) g”'’' Vo S 17,(6+), (62) 

(f (g) f) (A(a)) = g'”'' A (f(a)) g“'’*\ Vo S t/,(b^). (63) 

Using this definition, we have 

S-W = (r''(g)Id)(5'[°l), with s-lo] ( 54 ) 


In the fundamental representation, we denote by the explicit (n-|-1)^ x (n-l-1)^ Cremmer- 
Gervais’s solution of the Quantum Yang-Baxter Equation associated to the previous twist. It is 
given by 

RJ = {D (g, D) R'’{D (g, D)-\ (65) 


where 

i 

— J 1 r ^> 2 (r —s) 

R"' = g "+1 < g ^ g "+1 Er^r <g Eg^s 

^ r,s 

1 % ^ 2{i — k) 

+ (9 - 9" )Y Vihj, k) E,j+,_k 0 Ej^k A 

i,j,k ^ 


( 66 ) 


(67) 


with 


Vihj, k) 


1 if i < k < j, 

— 1 if j < k < i, 
0 otherwise. 


( 68 ) 


Remark 2.4. i?+ is not ()-invariant, but is tp-invariant. This implies that R'^ is homogeneous in 
the sense that (R'^)^j ^ 0 only if i -I- g = k + 1. 
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3 Results on Dynamical Quantum Groups 

3.1 Quantum Dynamical Yang-Baxter Equation 

We first begin with a formulation of the dynamical Yang-Baxter equation which is not sufficiently 
mathematically precise for our future purposes. 

Definition 1: Quantum Dynamical Yang-Baxter Equation (Formal) 

A universal solution of the Quantum Dynamical Yang-Baxter Equation (QDYBE), also known 
as Gervais-Neveu-Felder equation, is a map R : ^ such that R{x) is \)-invariant 

and 

Ri2{x)Ri3{xq^^)R23{x) = R23{xq^^)Ri3{x)Ri2{xq^^) (69) 

where we have denoted xq^ = {xiq^°‘i, ■ ■ ■, Xrq^°‘''). 

This is sufficient for formal manipulations but it is not enough precise in the sense that 
the standard universal solution of the dynamical Yang-Baxter equation is such that R{x) is an 
infinite series in Uq{Q) with coefficients being rational function of xi,..., a;^ with coefficients in 

UM- 

As a result we can extend the construction of End(U) and End(U®^) as follows. Let A be 
a unital algebra over the complex field, we define the functor A 0 U : ^ A 0 Vect, 

where A (g) Vect is the category which objects are A (g V where V is a vector space and the 
maps are id^ (g </> where </> is a linear map between vector spaces. We can define the functor 
A (g U which associates to each finite dimensional module V the vector space A g V and to 
each interwiner (p the map id^ g </>. We define End(A g U) to be the set of additive natural 
transformations between the functors A g U and A g U. An element of End(A g U) is a family 
oy S A g End(V) such that it satisfies the naturality and additivity condition. We can define 
similarly End(A g U®"). 

End (A g U®") is naturally endowed with a structure of algebra. We will denote (A g 
[/,(fl)®”)‘= = End(A g U®”). 

We could similarly have defined (Cfg(g)®” g A)°. 

Definition 2: Quantum Dynamical Yang-Baxter Equation (Precise) 

A universal solution of the Quantum Dynamical Yang-Baxter Equation (QDYBE), also known 
as Gervais-Neveu-Felder equation, is an 1)-invariant element R(x) o/(C(xi,... ,Xr)gl7g(g)®^)° 
satisfying 

Ruv{x)Ruw{xq^^)Rvw{x) = Rvw{xq^^)Ruw{x)Ruv{xq^'^) (70) 

where we have denoted xq^ = ,..., Xrq ^'^'') and where U, V, W are any finite dimensional 

Uq{Q)-modules. 

If moreover R{x) belongs to {C{xl,..., x^) g Gg(g)®^)‘^ it is called x^-rational. 

We will often study the particular case where q = sl{n -\- 1). 

Definition 3: 

Let TT be the fundamental representation of q = Uq(sl(n 1)). Onee a n-uplet (xi,... ,x„) of 
complex numbers is given, we will denote 

/ n \ 

^ =diag(yi,...,y„+i). (71) 
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As a result we have nr=^L^ Vi = ^ cLn-d xf = ViV^^i- 

Therefore, in the sl(n + 1) case, we can define a notion of regularity as follows: 

Let ... ,i>n be n indeterminates and define t'n+i by 0"=! = 1 for 

i = 1,..., n. An element a G ..., i/n) ® will be called v-rational. An element 

a G (C(xf,... ,x^) <S) will be called -rational. Note that obviously an x^-rational 

element is also j^-rational. 

This distinction is important because in the Uq{sl{n + 1)) case the standard solution of 
QDYBE is x^-rational, whereas the universal solution of the dynamical coboundary equation is 
(almost) ^-rational. 

3.2 Quantum Dynamical coCycles 

The first to understand universal aspects of the dynamical Yang-Baxter equation was O. Babelon 
in his work on quantum Liouville on a lattice There he introduced the notion of Quantum 
Dynamical coCycle F{x) G (C(x^) 0 {7g(s/(2))®^)'= and gave an exact formula for F{x) expressed 
as a series. 

More generally, in ?7q(g)®^, a universal solution of QDYBE equation can be obtained from 
a solution of the Quantum Dynamical coCycle Equation (QDCE) 17dll in the following sense: 

Theorem 2: Quantum Dynamical Cocycle Equation 
If F{x) G (C(xf,... ,x^) (g) is an x'^-rational map such that 

1. F{x) is invertible 

2. F{x) is ^-invariant , i.e. 

[Ei2(x),/i(8)l + l®/i] = 0, V/iG [), (72) 

3. F{x) satisfies the Quantum Dynamical coCycle Equation (QDCE), 

(A (g) id)(F(x)) Fi2{xq'"^) = (id g) A)(E(x)) F23{x), (73) 

then 

Rix) = F 2 iix)-^Ri 2 Fi 2 {x) (74) 

satisfies the universal QDYBE fTnji where (R is the standard universal R—matrix in ({/^(g)®^)'^ 
defined by l[M) ). 

Although simpler than the QDYBE equation, m is difficult to solve directly. However, it is 
possible to determine its general solutions through an auxiliary linear equation, the Arnaudon- 
Buffenoir-Ragoucy-Roche Equation (ABRR) (see |H], but it was first remarked in cni): 

Theorem 3: ABRR Equation 
We define B{x) G (Ar(xi,..., Xr) ® Uq{\))Y by 

r 

B{x) = \ (75) 

i=i 
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where Kt.{xi, ... ,Xr) = <8)[=iA[a;i] with %[x\ being the algebra generated by a;“, a S K, with the 
relations . 

An element F{x) G (C(xi,... ,x^) ® I7g(g)^^)'^ satisfies the ABRR Equation if and only if 

Ei2 (x) B2 (x) = B2 (x) Fi2 (x) . (76) 

The importance of the ABRR equation comes from the following theorem 
Under the hypothesis 

{F{x) -1(8)1) e {C{xl,...,xl)^Ug{g)iS>U-{g)y, 

there exists a unique solution of Equation This solution is invertible, f)— invariant and 

satisfies the QDCE It is called the standard solution of the QDCE. 

Let V be a finite dimensional Uq{g)-module, there exists a positive number cy such that, if 
xi,... ,Xr G C with \xi\ < cv, the infinite product is convergent 

when represented on V. It satisfies moreover the ABRR Equation and belongs to 1 (8 1 + 
{C{xi,... jx"^) fSiU^{g) fSiU~ . As a result, the standard solution F{x) o/toe QDCE is given 
by: 

+ CX5 

E()r) = n Ri 2 Bl+^ (x)) . (77) 

A ;=0 


Remark 3.1. B{x) satisfies the following useful relations: 

Ri2ix)B2ix) = B2ix)Kf2R2i{x)-\ (78) 

A{B{x)) = Bi{x) B 2 {x) K'^ = Biixq'^^) B 2 ix) = Bfix) B 2 ixq'^^). (79) 


In the fundamental representation tt of Ug{sl{n + 1)), let us denote by F(x) the explicit 
expression of the quantum dynamical cocycle m- It is given by 

F(x) = 1 0 1 - (<7 - q-i) ^ (l - 0 E,,,. (80) 

i<j 

The corresponding expression m of the standard dynamical i?-matrix for s/(n + 1 ) in the 
fundamental representation, denoted R(x), is then 


R(x) = g -+i 0 0 + (g - g BiJ ® Bjl 

U d \ ly d / I 

i>j J J J 


The construction of Theorem 0 has been used by P. Etingof, T. Schedler and O. Schiffmann 
[m to build the quantization of r-matrices associated to any Belavin-Drinfeld triple. Indeed, for 
any Belavin-Drinfeld triple T, they have constructed explicitely a twist G {Ug{g)'^'^Y which 
satisfies 

(A 0 to)(J^) = (to 0 A)(J^) J^, (82) 
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such that {J 2 i)~^RJi 2 is a solution of the Yang-Baxter equation and is a quantization of the 
classical matrix associated to T. The general expression for was obtained through a nice 
use of dynamical quantum groups and of a modification of the ABRR equation. 

In general, for any finite dimensional simple Lie algebra g and any Belavin-Drinfeld triple T, 
is expressed as a finite product of explicit invertible elements as 

jT^S^J^ with e 1® 1+(C/+( 0 )®C/-(g))". (83) 

The reader is invited to read m for a general construction of S'^ and using the ABRR 
identity. The result of m is completely general. However, for reasons explained below, we will 
only be interested in the case where q = sl{n + 1), n G N*, and where T = t is the Cremmer- 
Gervais triple. The construction of J'^ described in the last section is therefore enough for our 
purpose. 

3.3 Quantum Dynamical coBoundary Problem 

We have seen in the last section that Theorem 13 provides a way to solve the QDCE m- 
However in for the Uq{sl{2)) case, O. Babelon used a different approach: he noticed that 
F{x) is a quantum dynamical coboundary, i.e. that there exists an explicit invertible element 
M{x) G ® Uq{sl{2y)Y solution of the following Dynamical coBoundary Equation : 

F{x) = A{M{x)) M 2 ix)-^ {Mi{xq^Y)~^- (84) 

Note that in the Uq{sl{2)) this is a particular case of (I85II since J is merely equal to 1. 

More generally, we have the following property which is formal at this stage because we do 
not precise the analytic property of M{x): 

Theorem 4: Quantum Dynamical coBoundary equation (QDBE) (Eormal) 

Let J be a given cocycle in Uq{Q)®‘^, if there exists a map M from C’’ to Uq{Q), such that M(x) 
is invertible for any x where it exists, and such that the map F defined by 

F{x) = A{M{x)) J M 2 {x)-^ {Mi{xq^Y)~^ (85) 

verifies 

[Ei 2 (a:),® 1 + 1 ®/i] = 0, V/i G (), ( 86 ) 

then F is a solution of the Quantum Dynamical coCycle Equation (see m for details). As 
a result, the corresponding quantum dynamical R-matrix (CH) can be obtained in terms of M as 

R{x) = M 2 ixq'^Y Mi{x) R'’ M 2 {x)-^ Mi{xq'^Y~^. (87) 


Proof : If F satisfies and IHEl), we have, using the cocycle equation 1121 ): 

(A ® id){F{x)~^) {id ® A){F{x)) 

= Ai2iM{xq'^Y) Msix) (A ® id){J-Y {id ® A)( J) A23{M{x)-Y Mi{xq'^^+^Y~" 

= Ai2{M{xq^Y) M3 {x) Ji2 Jfs A23 {M{x)-Y M3{xq^-+^Y~^ 

= Ai2{M{xq^Y) Ji2 M2{xq^Y~^ Mi{xq^‘^+^Y~^ Mi{xq'^^+^Y 

X M2{xq^YM3{x) JfY A23 {M{x)-Y M3{xq^^+^Y~^ 

= Fi2{xq^Y P23 {x)~^ Mi{xq^^+^Y~^ 

= Fi2{xq'"Y F23 {x)~^, 

and thus F is a solution of GSl). 1H7J follows directly from GH) and IHU using cni). □ 
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Since the article of O. Babelon on the sl{2) case, the theory of dynamical quantum groups 
has been the subject of numerous works, and is now well understood for C/q(g) where g is a Kac- 
Moody algebra of afhne or finite type. However, quite surprisingly, only little progress has been 
made concerning the dynamical coboundary equation (see however the articles 0,1111,11a, EH). 

The first results in this subject concerning higher rank cases have been obtained by Bilal- 
Gervais in E) , where they have found the expression for R{x) in the fundamental representation 
of sl{n + 1). Cremmer-Gervais m have then shown that, in the fundamental representation of 
sl{n+ 1), it is possible to absorb the dynamical dependence of R{x) through a dynamical gauge 
transformation. More precisely, we have the following theorem: 


Theorem 5: mMM 

In the fundamental representation of Ug{sl(ji + 1)), the expression R(a;) (ED of the standard 
dynamical R-matrix is related to the expression R*^ iinD of the Cremmer-Gervais R-matrix as, 

R(a;) = M2(xg''0Mi(a;) R^ M 2 {x)-^Mi{xq^^)-\ (88) 

where the (n + 1) x (n + 1) matrix M(a:) is given by 

M{x)-^ = DV{x)U{x)D-^ (89) 


in term of the Vandermonde matrix 

V(a^) = ^ 


and of the following diagonal matrices 


D = Y^ E,,i, 






k—2 


zii)2 
+ 1'' 




-E,, 


Proof: From IHD, it is easy to check that 

R(a;) =U 2 {xq'^^)-^Ui{x)-^ K{x) U 2 {x)Ui{xq’^^), 


(90) 


where 


R(a;) = q 


q'^Ei^i ®Ei^i + 
i 


q-q — 11 1-1 Ei^i(S) Ej^^ 


+ (<? - 9 y X! (l - —) E,j(g)EjA 


Note that this expression is the one that can be found in 00 
Therefore, it remains to show that 

R(x) = V 2 (xq^^)-^ Vi(x)-i R^ V 2 (x) Vi(xq^^), 

which is proved in [ni0ini 


(91) 


(92) 

□ 
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The following theorem shows that it is only in the case where g = sZ(n + 1) that the 
coboundary equation can be eventually solved. 

Theorem 6 : [H] 

Let g he a finite dimensional simple Lie algebra, and let i? : C’’ —> C/<j(g)®^ be the standard solu¬ 
tion (EH) of the QDYBE. If g is not of A-type, it is not possible to find any pair (R'^, M), with 
M : C*" ^ Uq{Q)^‘^ and R'^ a solution of the (non-dynamical) QYBE, such that (I87II is satisfied. 
If g is of A-type and if such a pair exists, then R'^ can be expanded as R^ = 1 -\- hrj -\- o{H) 
where rj coincides, up to an automorphism of the Lie algebra, with rr^s associated to the shift. 

Proof : We refer the reader to [HI for the proof of this theorem. For completeness we have given 
an explanation of this proof in Appendix lb.II □ 

Therefore, quite surprisingly, except for n = 1, R'^ is not the Drinfeld’s solution of the Yang- 
Baxter equation and is not of zero weight, but is instead the Cremmer-Gervais i?-matrix. We 
will therefore assume in the rest of this section that g = s/(n + 1 ). 

From the expression of M(a:) in the fundamental representation one sees, because of the 

f 

expression of U, that M(a;) lies in C(di,..., ( 8 )End(f/), where i/i = The next section 

and the explicit form of M(a;) motivates the following definition: 

An element a G (C(rq, • ■ ■, dn) ® C/g(g))° is said to be almost v-rational if there exists an 
invertible element b G (C(z7i,..., i7n) ® Uq{i))y such that 

1 . 5“^ a is j^-rational, 

2 . A{b)b 2 {x)~^bi{xq^'^)~^ is j^-rational, 

where i>i = i = 1 ,... ,n + 1 , and vi... i>n+i = 1 . 

For g = sl{n-\- 1) and for the Cremmer-Gervais cocycle J G (t/q(g)®^)°, we are now ready to 
address the following precise problems which will be solved in this paper: 

Problem 1: Weak Quantum Dynamical coBoundary Problem (WQDBP) 

Find an almost v-rational invertible element JYl G (C(Pi,..., i7n) (E> C/g(g))‘^ such that 

iF{x) = A{M{x)) JM 2 {x)~^ 

is a zero-weight solution of the QDCE m and such that 

n{x) = E 2 iix)~^R i 2 Ti 2 {x) 

satisfies the following linear equation 

7^l2(x) B2{x) = B2{x) Kl2'R2i{x)~^, 

where B(x) is defined by Eq. m- 

Note that, since A4 is almost i/-rational and E{x) is (j-invariant, E{x) is i/-rational. 

Problem 2: Strong Quantum Dynamical coBoundary Problem (SQDBP) 

Find an almost v-rational invertible element M(x) G (C(z7 i,..., ry,) (g) Uq{Q)Y solution of the 
Weak Quantum Dynamical coBoundary Problem such that IF(x) is equal to the standard solution 
F{x) of the QDCE. 

Remark 3.2. It would have been better to denote M{i') such an element, but for notational 
reasons we prefer to call it M{x). This should cause no confusion. 


(93) 

(94) 

(95) 
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4 Solving the Quantum Dynamical coBoundary problem 

In this section we assume that g = sl{n + 1), and J will denote the Cremmer-Gervais cocycle 
defined in Theorem ^ and R{x) will respectively denote the standard solutions of zero 

weight iTTTI) and m of the equations and iTTUI) respectively. 

We present here some general results concerning the weak and strong QDBP. Our aim is 
to identify and construct elementary objects obeying simple algebraic rules which will be the 
building blocks of the solutions of these problems. 

We first propose, in Section IQ a procedure to solve the WQDBP using the notion of prim¬ 
itive loop. The study of these primitive loops does not however enable us to solve the SQDBP. 
Therefore, in Section lO we introduce a different approach, based on the Gauss decomposition 
of M{x), which leads to the solution of the SQDBP. 

4.1 Primitive loops 

In order to study the properties of the solutions of the WQDBP, let us first introduce the notion 
of primitive loop, defined as follows: 

Definition 4: Primitive loop 

For any solution A4(x) of the WQDBP, we define an element V{x) £ (C(;/i,..., (g) [/^(g))'^ 

by: 

'P{x) = V M{x)~^B{x) M.{x). (96) 

V will be called the primitive loop associated to M.{x). 

Note that, because A4{x) is almost iz-rational, V{x) is jz-rational. 

A primitive loop satisfies various properties and verifies a reflection equation (see (lii^ below) 
which is related to the notion of reflection algebra that will be introduced in Section [3 More 
precisely. 

Proposition 1: Properties of the primitive loop 

Let'P{x) be a primitive loop associated to a solution A4{x) of the WQDBP. We have the following 
relations: 


i?i 2 ^ 2 (a:) i? 2 i = Mi{x) ^V 2 {xq^^) Mi{x), 


(97) 

(98) 


As a consequence, V{x) satisfy the reflection equation: 
R'ii Vi (x) i?i2 P2 (x) = 1^2 {x) Ri^ Vi {x) R'l^ ■ 


(99) 


Proof : En. 19711 follows immediatly from the linear equation ijnni) and from the relation (|H3, itself 
inherited from using jini. Then, using successively (ESI), (ESI and ca, the zero-weight 


18 




property and ra . and 113, we have: 

A'^(P(a:)) = J-^ A{v) A{M{x)-^) A{B{x)) A(M(x)) J 

= M2ix)~^Mi{xq^'^)~^J^i2{x)~^ 

X A{B{x)) Ti 2 {x) Mi{xq^^) M 2 {x) 

= [RiiRi2)~^viV2 M2 {x)~^M i{xq^'^)~^Bi{xq^^) B2 {x) Mi{xq’^'^) M2 {x) 

= [RiiRi2)-^M2{x)-^Vi{xq^^)M2{x)V2{x) 

= (^21^12)-'^21 Viix) Ri 2 V 2 {x) 

= {R(^)-^Viix) R(2V2ix), 

which concludes the proof of UHli- The relation is a direct consequence of UHl using m- □ 

Remark 4.1. If Jv[(x) is a solution of the WQDBP and if V{x) is the associated primitive loop, 

/ / 

then, in the fundamental representation of Uq{sl{n+ 1)), one has tr(7r {V{x)) = tr(7r (vB{x)) = 

q~'^{vi H-h ITn+l)- 

Remark 4.2. If M{x) is a solution of the SQDBP such that its expression (I89II in the fundamental 
representation of Uq{sl{n + 1)) is given by M(a:), the associated primitive loop P{x) can also be 
computed in the fundamental representation and its explicit expression is given by 

n n 

P(:r) =l iP{x)) = +^(-l)"-'=5„+i_fe(cc) Er,+i,k+i} D-\ (100) 

j—1 fc—0 

where, for 1 < m < n + 1, Sm(x) denotes the symmetric polynomial in z^i,..., Vn+i defined as 
Sm{x) = X/l<ii<. .<i„<n+l Ofe=l ^ik' ^Ote that iSn+l(a:) = Vi . . . Vn+l = 1. 

We now prove a sufficient condition for a given A4 to be a solution of the WQDBP. 

Proposition 2: 

Let M. be an almost v-rational element of (C(£'i,..., P„) 0 Uq{2))'^, and let us define V{x) S 
(C(j/i,...,r^„) ®Uq{Q)Y as 

V{x) = vM{x)~^B{x) M{x). (101) 

If V satisfies the property 

R(2P2{x)R^i = Mi{x)-^V2ixq'^Y Miix), (102) 

then P{x) = A(A4(x)) J M 2 {x)~^Mi{xq^'^)~^ is of weight zero and is v-rational. 

As a result, P is a solution of the QDCE and TZ{x) = p 2 i{x) ^Ri 2 pi 2 {x) obeys the 
QDYBE TZ(x) satisfies the linear equation 1,9,51) and therefore M.(x) is a solution of the 

WQDBP. 

Proof : The zero-weight property of P{x) is obtained from the following computation, using HI 01 |l . 
(trna and the quasitriangularity of {Uq{Q), A'', R'')-. 

rz{xq>^^+'^Y {Ai2{M{x)) Ji2 M2{x)-^MYxq'^Y~"} 

= Ji2 (A^ ® id){Mi{x) Ri 2 V 2 {x) RiY M 2 {x)-^Mi{xq'^Y~^ 

= Ai2(M(cr)) Ji2 Ri^ R^Psix) i?^2 Rii M2{x)-^MYxq^Y~^ 

= AMM(x)) Ji2 Ris M2{x)-^VYxq^YRii Mi{xq^Y~^ 

= {Ai2{M{x))Ji2M2{x)-^Mi{xq^Y~^)VYxq'^^^'^Y- 
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By representing the third space on the fundamental representation and by tracing on it, we obtain 
that T commutes with We now prove that this condition implies that T is of zero 

weight. Let V, W be two finite dimensional U,(g)-modules, Tyw G , Pn) (g)End(y <S)W). 

We can decompose V® W = ©Aei)*(V’(8) W)[A]. Let us denote by P\ the projection on (V® W)[A] 
and let = PxPywP^i- The previous condition implies that — a^) = 0, where 

n+1 

ax = ^ (103) 

i=l 

When A yf /i, ax — a^ ^ Q, and therefore, since Px,fj, € C(f'i,..., i/„) ® End(y ® W), we obtain 
that Tx.fi. = 0 which is equivalent to the zero-weight condition. 

As a result, JF is a solution of the QDCE m due to Theorem 0 and thus TZ{x) satisfies 
the QDYBE |2II) due to Theorem 13 It obviously verifies IHH), and the fact that it satisfies 
follows immediately from (ll()lll()2|l . □ 

Remark 4.3. The previous propositions show that the primitive loop element is of fundamental 
importance for solving the WQDBP and that the analog of the ABRR equation for M.{x) is 
Eq. ll!T7ll . a (major) difference being that V{x) is also not known. 

Remark 4.4. The previous proposition leads naturally to an algorithmic approach to the compu¬ 
tation of the universal M (x). Indeed, the explicit value of M(a:) being known in the fundamental 
representation, we can view the system of (n -|- 1)^ equations 

( i (^id) [R(2'P2 {x)R2i) = Mi{x)~^P2{xq'^^)Mi{x), (104) 

with moreover tt (V) given by P(a::) = 'u/M(a:)“^B(a:) M(a:), as a system of universal equations 
fixing 'P(x) up to a central element which can be determined using the relation 

A^(iP(x)) = (Ri^r^Viix) R(2 P2ix). (105) 

The universal expression of P{x) being known, the equation 

M.{x)V{x) = vB{x)M{x) (106) 

is then a universal linear relation fixing Ai{x) up to a left-multiplication by an element of 
(C(i/i,..., Vn) ® Cq{l})y. In order to obtain a generic solution of the WQDBP, it is sufficient to 
show that this expression verifies universally This is the path that we had initially followed 

in order to obtain explicit universal expressions for V^x) and A4(x) such as those presented in 
the next section. 

However, although the properties of the primitive loop V^x) associated to M.{x) are powerful 
tools to solve very explicitely the WQDBP, these relations are not sufficient to ensure that A4(x) 
is a solution of the SQDBP. More precisely, let AI^^^(x) be a solution of (llOlll . (I102II and (I105II . 
and let u{x) G (C(i^i,..., j^n) ^Cq{i))y, we define Ai^^^x) = u(x)M''^^x). Let us denote 
P''^^x), V^‘^\x) the primitive loops corresponding respectively to M^^x), M^^\x). We have 
P^P\x) = V^'^\x), and M^'^\x) is also a solution of (I101|l . H1()2II and (I105|l . Nevertheless, in 
general, the corresponding and P^‘^'^{x) are different. This shows that solutions of the 

WQDBP are in general not solutions of the SQDBP. 

In the next section we will solve this problem and obtain sufficient conditions on Ai{x) 
solution of the WQDBP to ensure that it is also a solution to the SQDBP. 
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4.2 Gauss Decomposition of Quantum Dynamical coBoundary 

We propose here a new approach to construct the solutions of the SQDBP, based on the study 
of some fundamental building blocks entering the Gauss decomposition of M (x). We will prove 
in this section the following theorem: 

Theorem 7: 

Let e (C(£'i,..., i/n) (g) and G 1 © (C(z^i,..., t'n) ® Let G 

1 © (C(z^i, ... ,Vn)® U^{3)Y be given by 

+ 00 

with £[+'= 1 ( 0 :) = (g:[+1(x)) , 

k^l 

£[-'=1(2:) = B{x)-^ £H(x) B{xY. (107) 

Because T is nilpotent, the product defining (^x) is finite. We define Ai G (C(£'i,..., z>„) © 17q(0))'^ 
as 


M{x) = M‘'°\x)M^-\x)-^M^+\x). (108) 

The following algebraic relations on and £1^1 are sufficient conditions to ensure that A4(x) 

is a solution of the SQDBP: 

A{A4^°\x))S^^^A4Y\x)-^Ai^Yixq^^)~^ = 1©1, (109) 

Tff/ A(£[±l(x)) i£i2 = {4\1 £M(x) (411)-!} {*^[2 4^’(x) (HO) 

YYHxq'^^) = {( 42 ')-' 4 ' ^ 12 } {^ 1 - 2 '( 4 ')-' 42 '}: ( 111 ) 

£'-l(x) £'+l(xg^=) {i?2(a:) sf^Bfix)-^} 


= {(4’)-'-Ri2 42'} 4^'(^9'*^) (112) 


Remark 4.5. In the next section we will find explicit solutions to these sufficient algebraic 
equations. 

The proof of this theorem decomposes in three lemmas. The first lemma contains elementary 
results on AlH) and A4^~'>\ 

Lemma 1: 

The infinite products jlOT}) define elements and AfH) belonging to 1 © (C(t^i,..., Vn) © 

17^(g))'^. If Equations IIIIOII . (Illlll and (ITT^ are satisfied, the element U{x) G ...,;/„)© 

[/q(g)®^)== defined as 

U{x) = A{AA^+\x))JAAY\x)-^, (113) 

can also be written as 

n 

Ui2{x) = 42 ' n (4^"'(^4^) 42^'’), (114) 
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and therefore belongs to (C(z^i,..., Vn) ® Uq{b^) (8) Ug{b ))'^. It satisfies the properties 


{id (8) L-){Ui2{x)) = (115) 

<t[-\x)B2{x){s\'^)-^Ui2{x) = {s\'^)-^Ri2Ui2{x)€^2~\^)B2{x)- ( 116 ) 

Moreover, satisfies the following relations: 

€.^~\x) B{x) M^~\x) =M^~\x)B{x), (117) 

B2{x) Xi2 A(M(-)(x)- 1) = A'(A^(-)(cc)-i) 5™ Ki2 4"ka:) B2{x) (^2 )■^ (US) 

(id(8i_)(A(X(-)(x)-i)) =5l2’>'i“^(^'?'‘^)"^(^l2)"^- (119) 


Proof : (11 1 411 is shown in Appendix If).21 (see Lemma E|) . (I1 1 511 can then be derived from (11 1 411 
using the fact that belongs to (l (8 1 + {U^{g) 8 U~{g)y). (Illtill can be proved as follows: 
first, acting by on the first space of (ITTHl . we obtain 

(l[-\x) £'+'='(^9"^) {B 2 {x) (5f2+'')-i ^2^"' B 2 {x)-^} 

= {(M2')“'-^12“'’ 5 ^ 2 ’} £^+"’(^9"=) 4“'(a^), 

then, using (tmi . we conclude the proof of dSl) by recursion. 

CI3 follows directly from the definition of Hx), and follows directly from the 

definition of M^~\x) and from condition (IllOII . Finally, from nWi . ITTTl) and ra, we have 

1 

A(M(-)(x)-i) = n {Bi{xq'^^r''B2{x)-'^s'^^€.[-\xq'^^)Kf^ 

k—-\-oo 

X €\-\x) {Sl^^)-^K-,^B2{xf B.ixq’^^)’^}, 

which directly implies (tn^ . □ 


Lemma 2: 

Let us suppose that A4 is defined as in Theorem Q and assume that the hypothesis of Theo- 
rem^are satisfied. Then tF{x) defined as tF{x) = A(Al(x)) J Al2(a;)“^Ali(xg^^)“^ belongs to 
1 8 1 + (C(f'i,..., Vn) <8 Uq{g) 8 Uq (g))"^ and satisfies the ABRR identity (17(111 . 


Proof : Since, from LemmaQ U{x) belongs to (C(r^i,..., Vn)®Uq{Q) 8 Uq{b~)y, we have tF{x) G 
(C(i/i, ..., i 2 n) 8 Uq{g) 8 Uq{b~)Y. We can therefore define {id 8 i-){tF{x)). From the relations 
(I115II . (I119II and the identity (tm^ . we deduce that {id® l-){T{x)) = 1 8 1, which means that 
T{x) G l8l + {^{vi, ■ ■ ■ ,vn) ®Uq{g) ®Uq {g)Y. 

The fact that T satisfies the ABRR relation can be proved as follows. Using respectively 
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(I1()8II . (I118II . the quasitriangularity property TO . (tTTBI) and da, we have 

X M[~\x)M^^\x)-^Mi{xq'^^)-^ 

= A{M^°\x)) R-^A'{M^-\x)-^) ^12 

X {<t[-\x) B2ix) (5W)-it/i2(x)} 

X Mi~\x)M^2\x)-^Mi{xq^^)-^ 

= A{M^°\x))A{M^-Hx)-^)Ui2ix) 

X B2{x) M^2^\x)] 

= A(A^(a;)) JM2{x)~^B2{x) Mi{xq^'^)~^ 

= J^i2ix) B2 (x), 

which ends the proof of the ABRR identity for R{x). □ 

Finally, we have the following uniqueness lemma: 

Lemma 3: 

Let ^ £ (1 0 1 + (C(£'i, ..., i>n) ® Uq{Q) (g) U~ (fl))^) and assume that T{x) is a solution of the 
ABRR equation, then J-{x) is equal to the standard solution F(x) (I77II of the QDCE. 


Proof : T{x) and F{x) being both in (l (g) 1 + (C(Pi,... ,P„) g Uq{g) g U~{Q)y), we define Y = 
F~^{x)F{x) — 1 g 1. Then Y G (C(f'i,..., P„) g 17g(fl) g 17“(g))°. F{x) and F{x) being both 
solutions of the ABRR identity, we also have [Y{x), -82(2;)] = 0. 

Let V,W be finite dimensional 17g(g)-modules. We can decompose W = ©;,g(,.fF[A], and 
consider Px the associated projection on VF[A]. We define Fa./x = (idgPA)LV,iv(idg-P^)- Then, 
the fact that [F(a;), ^2(2;)] = 0 implies that (6(A) — b{fi))Yx,jj, = 0 with P(a;)|y[A] = 6(A)idy[A]- 
Since Yy^w is strictly lower triangular on W, the only possible nonzero Fa./x are associated to 
A < /r. In this case the rational fraction (6(A) — b{^)) ^ 0 and therefore Fa./x = 0- 

As a result, F = 0. □ 

Theorem [71 is a direct consequence of Lemma |21 and Lemma O 

We now give a direct derivation of a weaker result but which proof is interesting in itself, 
namely that, under the hypothesis of Theorem[7| M.{x) is a solution of the WQDBP. 

Lemma 4: 

If AA (x) is defined as in Theorem 0 then F{x) = A{M{x)) J M. 2 {.x) ^M.i{xq^'^) ^ is a ir¬ 
rational zero-weight solution of the QDCE. As a result, AA(x) is also a solution of the WQDBP. 


Proof : Let us consider V{x) = vA4(x)~^B(x) Ai{x) and show that the hypothesis of Proposi- 
tion|21are satisfied. 

First, from (irna and da, we have 

P{x) = vM^^\x)~^€.^~\x) B{x) M^'^^x). (120) 

In order to show that V satisfies the linear equation dl, we consider the quantity 
^' 12 ( 2 ;) = m['^\x) R (2 V 2 {x) m['^\x)-^ 
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and observe, using successively (I12()ll . the definition of U{x) and Eq. llltill of Lemmas that 

Xi 2 {x) = V 2 U 2 iix)~^Ri 2 Ui 2 {x) B 2 {x) t7i2(a:)tf 2 i(a:) 

= V2 U2i[x)-^K^2 M 2 B2{x) (M2)"'^21 U2i{x). 

Note that, from (II1511 . ffi 2 (x) G (Uq{b~) (8> 17q(g))°. Then, using successively (lllfill . (IllOII and 
(17^ . the quasitriangularity property (ITHIl . UllOll and (17^ again, and finally (llltill . we have 

{£^(2^) ^i(a;)} '^12(2:) = V2 Bi{x) U2iix)~^} 

X Ki 2 M 2 B 2 {x) (M 2 )”^-R21 U 2 iix) 

= V2 U2i{x)~^R2i 

X {Ml’ e:M(a^) (M1 ')-'^i 2M1’ (Ml’)-'^!^} 

X {B,ix) B 2 ix)K^}R 2 ,U 2 iix) 

= V 2 172i(a;)“^i?^i^A(£H(a;)) A{B{x)) R 21 U 2 i{x) 

= V 2 U 2 i{x)~^ A' {€'^~\x)) A{B{x)) U 2 l{x) 

= V2 U2lix)-^ Ki2 M 2 (M 2 )”^^2(X) Ki2 

X (Ml e:M(a^) Biix) (Ml)”'t^ 2 i(a:)} 

= {V 2 U 2 lix)-^K ,2 M 2 M"’(^) B 2 ix) (M 2 )”'^21 U 2 l{x)} 

X {M“’(x) Bi{x)} 

= Xi 2 ix) {M“’(x) Bi{x)}. 

As a consequence, if we denote 

N 

X(-) W(x) = Y[ {B{x)-'^€.^-\x)-^B{xf} 

k^l 

we obtain, using mil, 

m[~'^ ^^^(x)“^ft’i2(x) ’^’(a^) = ^i(a:)“^ft’i2(x) Bi{x)^ 

= V2 {Bi{x)-^U2i{x)Bi{x)^}~^s^^l e:M(^M^) 

X B2{xq^^) {s'il)-^{B^{x)-^R2i B^{x)^) 

X {i?i(x)-'^C/2i(x)i3i(x)'^}. 

Using the fact that 

ve G Uq{h-~), yi^N^+oo{B{x)-^iB{xf) = t_(C, 

(which is shown in each finite dimensional Uq{Q) module), as well as the fact that R 12 G (l ® 
1 + U+(g) ® U“(g)) and the property (111511 . we obtain 

Ali(x) R(2 V2{x) Ri^ Miix}-^ = V2 Mi'^\xq^^)-^^[~\xq’^^) B2ixq’^^) Mi'^\xq’^^) 

= V2{xq'^^), 

which concludes the proof of (110211 . 

A4(x) being almost z/-rational, the hypothesis of Proposition |21 are satisfied and A is a i/- 
rational zero-weight solution of the QDCE. Therefore Ad is a solution of the WQDBP. □ 


24 


Remark 4.6. Trivial Gauge transformations. 

It is important to remark that the solutions to the SQDBP and WQDBP we found along 
the previous construction are by no means unique. Indeed, let M{x) be a solution of the 
SQDBP associated to the standard solution F(x) of the QDCE and to a given cocycle J. Let 
It be a dynamical group like element u G ... ,i>n) ® Uq{t))y, i.e. verifying A{u{x)) = 

ui{xq^'^)u 2 {x), and let y G {Uq{Q)Y, then the element u{x)M{x)y~^ is a solution of the QDBE 
associated to the standard solution F{x) of the QDCE and to the cocycle A{y)JyY^yi^ ■ It is 
an interesting problem, not adressed here, to find the entire set of solutions of the SQDBP up 
to these transformations. 


5 Explicit construction of Quantum Dynamical Cobound¬ 
aries for Uq{sl{nY- 1)) 

5.1 The Uq{sl{ 2 )) case 

In this case the following result holds, which gives a new derivation of the result of m 
Theorem 8: 

In the Uq{sl(2)) case , a solution M-{x) to the SQDBP is given by HOtH) and with 

M^^'>{x) = l, €.^+Yx)=e-AY (121) 


Proof : Equations 11101111111211 are obtained from the properties 11012011 of the ^-exponential. □ 


5.2 General solution of the SQDBP for Uq{sl{n + 1)) 


Theorem 9: 

A solution Ai(x) of the SQDBP for Uq(sl(n -1-1)) (n>\) is given by the infinite product 

1 -\-oo 

M{x)=M^°Hx) n [b{x)-'^€^-\x)B{xY^ nr'=(d+l(a;)), (122) 

k—-\-(yci k—0 

with 






£[+1(3:) = n 


-1 

e(fc) 




n 

e:H(3:)-^ = n 


e 


^k+i q 
q-^ 


-c 


(fe-1) 






(123) 


Remark 5.1. One may wonder why the expression of AA^^Yx) that one obtains here in the n = 1 
case is not equal to 1 as in Theorem |S1 Actually, since in this case J = 1, one can also choose 
the simpler solution A4^^\x) = 1, which gives the result of the previous section. 
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We first begin by proving a lemma interesting in itself. 


Lemma 5: 

Let solutions to the equations we define 

WMx) = {B2 {x) (Mf B2{x)-^}€[-\x)-\ 

Wi2(x) = €lfi\x)-^{{s'^^^)-^R,2S'^^}€^+\xq^^). 

These elements satisfy the relations: 

{id ® A)(>Vi2(x)) = K 23 ^2 m3{xq^^)Kfi^^ (42’)-' 

{id ® A)(>Vi2(x)) = K 23 ^2 Wi3(xg'‘=) i^2Y (42)-' 

X Wi2(xg^^) 

as well as 

(A ® ^d)(Wl2(a:)) = K,2 4l i^r2'(4l )-'4”'(a^) ^2 W23(cr) (42 

(A ® ld){m 2 {x)) = K ,2 4l Wl3(a:) i^i4(44-'4”'(^) ^2 W23(x) (42 


Proof : This is easy to show using only only mn . nmi . the definition of the cocycle in Theorem^] 
and the quasitriangularity properties of the i?-matrix. 

We now give the proof of the theorem. 

Proof : As A4 is of the form arm , nm . with being j/-rational, it is enough to show that 
the hypothesis of Theorem[71are verified, i.e. that (Cnnil, itnnil . (tTTTll and (trnii are satisfied. 
Equations (CHI and cm are trivial to check using the elementary property 

Vk{xq^) = Vk{x)q‘^^^^'°^~^^*‘ V/c = 1,... ,n+1. (124) 


Equation (tnnii can be easily deduced from property (PI and from the following commutation 
properties, verihed for all i,j satisfying 2<j + l<j<n, 


[9 

[ 9 ^ 


-C 


(i-i) 


-2h. 


•,-c 


(i-l) 


(i-l) 


Hi) 


(C q 


— h 


«/(d , 9 


^0-1) 


— h 


^^'>fU)®q 


-C 


(i-l) 


— h 


0-)] = 0, 


q^^' '4(,)] =0. 


Equation is slightly more difficult to show. 

Although our proof is a bit unsatisfactory, we have chosen a method preventing us to enter 
too deeply in the combinatorics of g-exponentials. Our proof consists in two steps: first, we show 
that this relation holds in the fundamental representation, and then that it can be obtained in 
other representations by fusion from the fundamental representation. 

The fact that II112II is satisfied in the fundamental representation, i.e. that 


(^®4(Wi2-Wi2)(x) =0, 

is proved by an explicit computation in Appendix 19.21 ('Lemma IHll. 


26 






Let us now study the fusion properties of this relation. This is the consequence of the previous 

Ai Ai 

lemma and from it we obtain: if (tt, y)^ i = 1,2,3, are representations of Uq{Q), 

® 4*)(>Vi2 - >Vi 2 )(a;) = 0, i = 2,3, implies (4-^ ® ^)(yVi 2 - >Vi 2 )(a;) = 0, 

A A2 A3 

for any submodule V of V 0 V . From this lemma we obtain that: 

® ^){Wi 2 - >Vi 2 )(a:) = 0, i = 2,3, implies (g) ^){Wi 2 - VV’i 2 )(x) = 0 

A A2 A3 

for any submodule V of V (S’ V ■ 

It is a basic result that any irreducible module of Uq{sl{n+1)) is obtained as a submodule of 
some tensor power of the fundamental representation. Therefore, (tt (g 7r)(W’i2 — Wi 2 )(a:) = 0 

Ai Ai 

for any couple {tt ,V), i = 1,2, of irreducible representations of Uq{sl{n + 1)). 

This concludes the proof. □ 


Remark 5.2. Note that Lemma 0] Lemma |21 the uniqueness condition of Lemma |31 and the 
theorem give a new proof of the fact that F{x) is a zero-weight solution of the QDCE in the 
Uq{sl{n + 1)) case. 

Remark 5.3. It is easy to compute the expression of (cc), (x), Al(x) in the fundamental 

representation from the explicit universal expression given by theoremOne obtains: 


l< 2 <j<n+l 

I ((M^+Hx))-^) = 1 + 

l<z<_ 7 <n+l 


with aij = 


E 

i<.ai<....<.aj — i <n+l 




Oi_i ) — 


E 


-1 


j<ai<...<aj_i<n+l 



One also has: 


TT {M^ \x)) =1-1- ^2 ^ 3 ,i 

f , , / .. -1. V—> (^~ j) (j + ^ — 3) 

■n {{M^ ^(x)) ^) = 1-|- ^2 dijq ^(n+i) 


(j-00 + ^-3) 


with Cii = 




re=,+i(i - n;=-(1 - 

Using these results an explicit computation shows that: 


i ((M(x)-i) = D V(x) U{x)D-^ 
with D,V{x),U{x) defined in Theorem^ 
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6 Quantum Dynamical coBoundaries and Quantum Weyl 
Group 

6.1 Primitive Loops and Quantum Coxeter Element 

Let 0 be a finite dimensional simple Lie algebra, and W its associated Weyl group. We define 
the shifted action of W on [) by w.A = w{X + p) — p. We will denote w.x the corresponding 
action on the variable Xi, i = 1,... ,r. In the case where g = sl(n + 1), we can identify the 
Weyl group with the permutation group Its shifted action on vi,... ,Vn+i is given by 

(i^i,..., 1 • • • 1 ^w{n+i) )■ 

We will assume in this subsection that g = sl{n + 1) and that M{x) is the solution to the 
SQDBP defined in Theorem We will study the behaviour of P{x), M{x) under the shifted 
action of the Weyl group. 

Proposition 3; 

The primitive loop is invariant under the shifted action of the Weyl group, i.e. P(w.x) = 
P{x),\/w £ W. 


Proof : Because of the fusion property (P|l . it is sufficient to prove that P{x) is invariant in the 
fundamental representation. We have computed P{x) in the fundamental representation using 
the explicit form of M{x), it is given by (IIOOII and depends on Vi only through the symmetric 
polynomials. As a result, P{x) is invariant under the shifted action of W. □ 

An interesting question is what is the explicit expression of P{x)l From equation (II20112,3|1 . 
P{x) can be expressed as a finite product of g-exponential. However, on this expression, the 
invariance of P{x) under the shifted action of the Weyl group is not explicit. We can simplify 
the expression of P{x) by using the quantum Weyl group. 

Indeed, in the sl{2) case, we have the property: 

Proposition 4: Expression of P{x) for sl{2). 

P{x) = V B{x) (125) 

= o.e-Te7^'^ (126) 


Proof : Formula ilT^ is deduced from II25II using (Ea . This last formula is explicitely symmetric 
under the exchange of x and x~^. □ 

This result can be generalized as follows: 

Theorem 10: 

P(x) satisfies 

P{x) = vw'f} Q{x), (127) 

where Q € (C(vi,..., r'„) 0 Ug(b'^))'^ is invariant under the shifted action of the Weyl group and 
wc is a quantum analog of the Coxeter element wc = n"=i ''l’(i)- 
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Proof : From the expression (innii . we obtain that 


1 1 

P{x) = n^'‘'w)(n F^'‘\x))B{x) M^+^x), 

k—n k—n 


with 


£;['=] (x) 


-1 cCfc-i) 

e(fc) 


As a result, 


=e^ 




■i^k+i q 


'•(fc)- 


f(k) 


P{x) = vt{M^+'^-^x)) Y[iE^''Kx)F^’^\x))B{x)M^+'> {x). 


k—n 


Using Saito’s formula (EH), we have 


— 1l ^ 1 g bi— g ( Q ^ 

q e^_iq 2 = e® • ^ 

which implies that 

E^^\x) FW(cr) = Gfc e~T 

>‘(k) '*('=) _1 „ '*(fc) '“(*:) 

with Gk = q 2 g 2 and FIj, = Guq ^ q ^ ■ We therefore have proven that 


k—n 

and it remains to move all the on the left. Using the fact that s^i ... {ak+i) is a positive 
root, we obtain that (Ilp^i W(p))e(^k)iUp=i ^ e iUq{b+)y. Because wcekW^.^ e {Uq{b+)y, 

for 1 < fc < n — 1, we obtain wct{M^^'>' £ {Uq{b'^)Y. This finishes the proof. □ 


Remark 6.1. An interesting question would be to find the simplest exact form of Q{x) expressed 
as a finite product of g-exponentials when n > 2, exhibiting invariance under the shifted action 
of the Weyl group. 

6.2 Dynamical coBoundary and Dynamical Qnantum Weyl Gronp 

We show in this section that the shifted action of fU on M{x) is controlled via a dynamical 
quantum Weyl group m Although the notion of dynamical Weyl group can be defined for any 
simple Lie algebra, we will assume here that g = s^(n + 1). 

We first recall that the dynamical Weyl group controls the shifted action of fU on F{x), where 
F{x) denotes the standard solution to the QDCE. Etingof and Varchenko have constructed a 
map A : fU —> (C(i/i,..., !/„) ® Gg(g))°, w 1 —> Aiu(x), satisfying the following properties: 

wAu,{x) is a zero-weight element, (128) 

AA^(j;) F{x) = F{w.x) {Ay,) 2 {x) (A^)i(a;g^^), (129) 

Aww'{x) = Ai^{w'.x) Aui'{x), Ww,w' G W. (130) 
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The third property can be reformulated as A^{x) being a one IT-cocycle taking values in 
{C{vi,...,Vn)®Uq{Q)Y. 

We have the following proposition: 

Proposition 5; 

Let M denote the solution of the SQDBP defined in Theorem 0 
(C(j^i,..., (g) C/g(s/(n + 1)))'", w ^ Ayj{x) by 

Awix) = M{w.x) M{x)~^. 

This map satisfies all the properties UMIMnW- 

Proof : We first show that wAw{x) is a zero-weight element. We have: 

A^{x)i P 2 {xq^^) = Mi(w.x) Mi{x)~^P 2 {xq^Y 

= Mi{w.x) R (2 P 2 {x) i ?21 Mi{x)-^ 

= Mi{w.x) R '(2 P 2 {w.x) i ?21 AIi{x)~^ 

= Mi{w.x) Mi{w.x)~^P 2 {{w.x)q^^) Mi(w.x) Mi{x)~^ 

= P2{{w.x)q’^Y ^w{x)l 

= P2{xq'^^^'^Y A^{xY. 

This shows that (wAu,(a:))i commutes with P 2 {xq^^). Therefore, using the same argument as 
in Proposition 12 we obtain that wAw{x) is a zero-weight element. 

We now prove that A^j {x) satisfies the property 1122). The dynamical coboundary equation 
implies that 

F{w.x) = AM{w.x) J M 2 {w.x)~^M i{w.xq’^^)~^. 

Therefore, 

AM{x)-^ F{x) = JM 2 {x)-^Mi{xq^Y~^ 

= AM{w.x)~^ F{w.x) Mi{w.xq^^) M 2 {w.x) M 2 {x)~^Mi{xq^^) 

= AM{w.x)~^ F{w.x) M 2 {w.x) M 2 {x)~^M i{{w.x)q'^^^) Mi{xq^^) 

= AM{w.x)~^ F{w.x) Aw{x )2 Aw{xq^'^)i, 

which ends the proof of the proposition. □ 

One can precise the relation between A and A. 

Proposition 6: 

If A, A' are two maps W (C(i^i,..., r'„) (g) Uq{Q)y satisfying the axioms l\PJHl ISTA IdlJh . they 
are related as A'^ = where Y is a map Y : W ^ (C(zzi,..., i/„) g) whieh is a 

one-cocycle, i.e. 

W,u,'(x) = Yyjfix), (132) 

and such that each Yw{x) is a dynamical group like element, i.e. 

A{Y^ix)) = Y,,ix)2Y,,ixq'^Yi- (133) 


We can define a map A : W 


(131) 
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Proof : We define = {wAyj) ^{wA'^) which is zero-weight. We have, 

F{x)~^A{Y^{x)) Fi2{x) = A^^xq’"^)^^ Y^,{x )2 A'^{xq^‘^)i = Yy,{x )2 Y-a,{xq^‘^)i. (134) 

We now apply the Lemma 2.15 of Etingof-Varchenko m and we obtain that Yu,(x) lies in 
(C(j/i,..., iy„) 0 Ug(t)))^. This ends the proof. □ 

Remark 6.2. It would be interesting to precise the value Yu,{x) relating A^ the dynamical 
quantum Weyl group of Etingof-Varchenko to A^ (a:) defined by HSU. 

Remark 6.3. The solutions of exist for all simple Lie algebra g, however we give 

a solution of these equations as a coboundary of the form (trim only in the sl{n + 1) case. It 
would be an interesting problem to study if the dynamical Weyl group of Etingof-Varchenko can 
be written as Au,{x) = M{w.x)M{x)~^Yw{x) with Yu,{x) satisfying properties of the previous 
proposition and M : C’’ —> Uq{Q). In the negative this would provide an alternative proof of the 
Balog-D§,browski-Feher Theorem. 

7 Quantum reflection algebras 

7.1 Definitions, properties and primitive representations 

In this section we define and study the quantum reflection algebra Cq{Q,J) associated to any 
cocycle J S (17,(0))®^. Although there exists a morphism of algebra £q{Q,J) Uq{Q), this 
morphism of algebra is not an isomorphism. In particular, in the case where g = s^(n -|- 1) 
and J = J'^, Cq{sl{n + I), J) admits one-dimensional representations which do not extend to 
Uq{sl(n + l))-representations. We call them primitive representations and study their relation 
with the primitive loop. 

Definition 5: Quantum Reflection Algebra 

For any simple Lie algebra g and any cocycle J £ (C/q(g))®^, we define the algebra Cq{Q,J) as 
being the associative algebra generated by the components fPy for all finite dimensional module 
V of the element Cp £ {Uq{Q) <8) £.q{Q, J)Y ^^6 relations: 

(A^ 0 id)m = {R(Y~"^iR(2^2, (e 0 id)m = I. (135) 


Let {V, tt) be a finite dimensional t/q( 0 )-module, we denote U= ( 7 r( 8 )id)(ip) £ End(V) ( 8 ) Aq(g, J). 
These matrices satisfy the following reflection equations for all finite dimensional Uq{g) modules 
V,V' : 

R'L Ui R(2 U2=U2 Ril Ui R(2- (136) 

Reflection algebras satisfy the following property: 

Proposition 7: 

The map k : Cq{Q, J) ^^(g) defined by 

(id (8 k)(‘P) = rR-'>-^R^ (137) 

is a morphism of algebra. 


Proof : It follows from the quasitriangularity of R'^. 


□ 
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This map is usually thought as being an isomorphism of algebra but this is not true, it is 
true only if we localize certain elements of J). This aspect will be central in the rest of 
this section. 

£q(g, J) is not a Hopf algebra but it is naturally endowed with a structure of left Uq{Q)- 
comodule algebra. 

Proposition 8: 

The map a : /lg(g, J) ^ t^g(g) ® J) defined by 

(id ® a)m = (138) 

is a morphism of algebra and is a left Uq{Q)-coaction with the coproduct being A'^. 


Proof : Trivial. □ 

Although this map does not define a structure of Hopf algebra on Cq{Q, J) we still have the 
following commutative diagram: 

(k 0 id)cr = A'^k. (139) 

A natural problem is the study of the representation theory of Cq{Q,J). Because of the two 
previous propositions we have the following general properties: 

1. a representation tt of bq(g) defines a representation tt o k of Ag(g, J). 

2. if (F,tt) is a representation of 17q(g) and {W,uj) is a representation of Cq{g,J), one can 
define the tensor product = (tt (g> uj)a representation of £q{g, J) acting onV ®W. 

As an example we first classify the irreducible finite dimensional representations of Cq{sl{2)) 
with J = 1. 

We first define a simpler presentation of Cq{sl{2)) using the fundamental representation of 

f f f f 

Uq{sl{2)). Cq{sl{2)) is generated by the matrix elements a =U \,b =U l,c =fj \,d =1/ | with 
relations 118511 which can be explicited respectively as with an additional relation: 

ac = q^ca ba = q^ab be — cb = {1 — q~‘^)a{d — a) 

cd — dc= {1 — q~^)ca db — bd = {1 — q~^)ab ad = da 

and ad — q^cb = 1. 

The center of Cq{sl{2)) is the polynomial algebra generated hy z = q~^a + qd. 

We denote tq{sl{2)) the algebra Cq{sl{2)) localized in a and we denote a~^ the inverse of a. 
Cq{sl{2)) is now isomorphic to Uq{sl(2)) through the explicit homomorphism 

p : Uq{sl{2)) —> Cq{sl{2)), p{q^) = a, p(e) = p{f) = ° , (140) 

1 — q q — q 

which satisfies p o k = id\Cq(^si{ 2 ))- 

It is easy to classify the irreducible representations of Cq{sl{2)). 

Proposition 9: 

The irreducible representations of Cq{sl{2)) consists in: 
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-The representation non where tt is an irreducible representation of Uq{sl{2)). These represen¬ 
tations extends to Cq{sl{2)). 

-The one-dimensional representations £x,a with cc, a £ C*, defined as: 

^x.a(a)=0 £x,a{d) = q~^{x + x~^) £x,a{b) = q~^a £x,a{'^) =-q~^a~^ ■ (141) 

/ 

Note that £x,aiz) = (x -\- x~^) and £x,aiU) = DaPix)D~^ with = diag{a,a~^). 


Proof : Let (H, f/) be a finite dimensional irreducible £q{sl{2)) module, z being central is rep¬ 
resented by a complex number z £ C. If n(a) is invertible one obtains a representation of 
Cq{sl{2)) ~ Uq{sl{2)) which from the classification of irreducible representations of Uq{sl{2)) 
when q is not a root of unit is of the form 11 = tt o k. If not, we define W = fcer(n(a)), it is a 
submodule and the restriction of a, b, c,d to W satisfies: 

a = 0, bc = cb, —q^bc =1, d = q~^z. (142) 

This is an abelian algebra and therefore the irreducible finite dimesional representations are of 
dimension one. Therefore W = V and is one dimensional. The representation is therefore of the 
type £x,a- □ 

We will call the family of one-dimensional representations of £q(sl(2)) for which a = 0 
primitive representations. 

Remark 7.1. The study of the representation theory of the algebra £q{Q,J) is an interesting 
problem that we will only look at in the case where g = s^(n -I- I) and J = . 

The primitive representation in the sl(2) case appears first in m 

The classification of all characters, i.e. all one dimensional representations, of £q{sl{n-\-l), J) 
for J = 1 has been obtained in m 

Remark 7.2. Finite dimensional representations of reflection algebras are not completely re¬ 
ducible. An example is given for £q{sl{2)) by m 

In the next section we will study the generalisation of these primitive representations to the 
case of £q{.sl{n-\-l), J'^). We will study the decomposition of the tensor product of an irreducible 
representation tt of Uq{sl{n-\-l)) with an irreducible representation ui oi £q{sl{n-\-l), J'^). When 
the irreducible representation to = tt' o k, where tt' is a representation of Uq{sl{n I)), the 
intertwining map is governed by ordinary Clebsch-Gordan map of Uq{sl{n -\- 1)) and there is 
nothing new, but when w is a primitive representation the intertwining map is entirely governed 
by the coboundary element evaluated in the representation tt. We can also invert this process 
and define the coboundary in the representation tt as being the intertwining map. 

We now assume that g = s^(n -I- 1) and J = J'''. In the first part of this section we assume 
that M{x) is the solution of the SQDBP with associated primitive loop P{x). 

Definition 6: Primitive Representations 

The primitive representation £ of £q{sl{n -\- 1), J''') is the representation of £q{sl{n -\- 1), J’'') 
with values in C[z^i, defined by 

{idi» £x)i^) = Fix) (143) 

We will abusively denote £x this representation. 


Proof: Trivial. 


□ 
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Of course if we fix ..., to non zero complex numbers, we obtain characters of Cq{sl{n-\- 

We have the following proposition 

Proposition 10: Intertwining map and Coboundary 
Let (V, tt) be a finite dimensional representation ofUq^g), the following decomposition property 
holds: 


TT^Sx = where m\ = dimV[\\, (144) 

AGf)* 

and M{x)v is an intertwining map between these representations. 


Proof : £x acts on the module C generated by 1, we will show that if S ^[A] then the action of 
TTi^Sx on w = M{x)y^v O 1 is £xq>'- Indeed 


{tt®£x){U b)(w O I) 


aCr p (^)r 1 

(tt' (g) id){R'(2 ~^~^Pi{x)R'(2^^)^.{w (g) I) 
{M2{x)-^Pi{xq^^)M2{x))tM2{x)-\v O I) 
{M2ix)-^Pi{xq^))t{v O I) = P{xq^)tiw O I). 


The proposition follows. 


□ 


7.2 A representation framework for weak solution of dynamical coBound- 
ary elements 

In this subsection we give hints towards a purely representation theoretical approach of QDBE. 
Because we already have obtained an explicit universal solution of this problem in its strongest 
formulation, the aim of this subsection is not to give completely rigorous reconstruction of M{x). 

We would like to emphasize the puzzling fact that M{x) and F{x) can be constructed solely with 
interwining operators involving primitive representations of loop algebras and finite dimensional 
representations of Uq{Q) whereas in the work of | lti| F{x) is built using intertwining operators 
between Verma modules and finite dimensional representations of Uq{Q). 

f 

Cq{sl{n + 1), J'^) can be presented in term of matrix elements of IJ . We use the results of 
m and denote = 'R( 2 Pi 2 , where P : is the permutation operator. 

Because R satisfies the Hecke symmetry it is also true for R*^. As a result all the construc¬ 
tions of m concerning the Trq and detq can be applied. We denote the antisymmetrizer 
associated to R acting on , it is denoted Pf_ in m- Similarly we can define A^j'^ the an¬ 
tisymmetrizer associated to R*^ acting on . R and R"^ are both Hecke symmetry of rank 
n -I- 1, i.e = 0. 

Cq{sl{n+1), J'^) is isomorphic to the algebra A(s^(n-|-I), J) generated by the matrix elements 
of 17 S End{Vf) (g A{sl{n + 1), J) with relations 

R^iC/iR 5^2C^2 = C/2R2lt^lRl2 (145) 

detq{U) = detq(P{x)) (146) 
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( 147 ) 


where detq{U) is the central element defined by 
detqiU) = 

f 

The isomorphism is obtained by identifying JJ and U. 

Note that detq(P(a;)) = ^“"(”■+1). 

Let M(x) be a matrix such that 1X811 is satisfied and define P(x) = '!;M(a;)“^B(a:)M(x). By 


construction we have 

R2^iP(a:)iR^2P(^)2 = P(cr)2R2^iP(x)iR^2, (148) 

R^iP(a;)iR5^2 = M(a;)^^P(a;g'‘^)iM(a;)2. (149) 

As a result we still define the primitive representation £ of A(s^(n+1), J) as the representation 
of A{sl{n + 1), J) with values in ..., i^r^] defined by 

iid(E)£a:)iU) =P{x). (150) 

Let (VjTt) be any finite dimensional representation of Uq{sl{n + 1)), we want to show the 
following decomposition property: 

7r®£a: = 0 where m\ = dimVl)^ (151) 

Aer 

and will denote A4.v{x) any intertwiner between these representations. 

As a consequence of (jUni), the same proof as Proposition EH shows that 

-Kf®£x = where m\ = dimVf[)^\. (152) 

AGf)* 

Hence 115111 holds also for tt®^ o (A'^)*^^), i.e 

^ f^JI'^where mx = dimVf-’^[X]. (153) 

AGf)* 


Let Hp{q) be the Ap-Hecke algebra generated by cti, crp_i. If W is an irreducible sub- 
module of TT®^ there exists an idempotent element yw = 3^vv(cri, ...,(Tp_i) S Hp{q) such that 
3 ^h/(Ri2 , Rp-i,p) is the projector on the submodule W. As a result if W is the submod¬ 
ule of the associated projector is Ji_\^pywJi,...,p = 3 ^w(R-i 2 i •■■j Pp-i,p) = where 
(A‘^)(p)(a) = J['\ .pA^P'>{a)Ji^,,,^p. It remains to show that 

^ 5®^T^where mx = dim{y^V^-^^)[X\. (154) 

AGf)* 

It is straightforward to verify, using ra . the following properties: 

3^{^Mi,..,p(a:)-i = Mi,..,p(x)-i3liv(Ri2(cc),...,Rp-i.p(a^)) (155) 

= Mi,..,p(x)“^Fi,..,p(a))“^3^w(Ri2,--,Rp-i.p)Pi...,p(fz:) (156) 

where 

Mi,..,p(x) = Mi{xq^^ + -+^-)---Mp_iixq^’’)Mp{x) 

= F(i...p-i,p)(a^)F(i...p-2.p-i)(fKg'^'’)---Fi.2(a::g'"’’®"’’^^^), 
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with F(j (g) id){F{x)), which concludes the proof. 

Having defined Mvix) for V simple we straightforwardly define M.w{x) for W semi-simple. 
Let (tt, V), (tt', W) be two representations of Uq{sl{n + 1)). Using decomposition property 115111 
we obtain the property 

JvwMv<»w{x)-^ {V®j 1U)[A] = {Mvixq^'^)Mw{x))-^ (U®, 1U)[A]. 

As a result, Fv,wix) defined by 

Fvm{x) = Mvi^w{x)Jv,w{-^v(.xq^'^)M.w{x))~^ 

is of zero weight. The family of intertwing maps M.v{x) defines therefore a solution of the 
WQDBP. 

The previous framework shows that one can obtain a definition of A4v(x) in a purely rep¬ 
resentation theoretical setting and that Ad is a solution of the WQDBP. We think that this 
method can be further pursued to obtain a purely representation theoretical approach to the 
SQDBP. As an example, we give in Appendix 19.51 some remarks concerning this point in the 
rank one case, the higher rank case being still unclear for us. 

8 Conclusion 

In this work we have given a universal explicit solution of the Quantum Dynamical coBoundary 
Equation. This was obtained through the use of the primitive loop, which study led us to this 
solution. 

However many points are still unclear to us. 

The first one concerns the Balog-Dqbrowski-Feher Theorem. Although the result is un¬ 
questionable, the proof seems unnatural. The fact that it selects precisely sl{n + 1) and the 
Cremmer-Gervais’s r-matrix still remains unclear. 

The second one comes from the possible various generalizations. We have studied here the 
QDBE in the case where F{x) is the standard solution and t) is the Cartan sub-algebra, but 
we could imagine considering also the case when F{x) is associated to a generalized Belavin- 
Drinfeld triple of the type considered by O. Schiffmann or generalizing this equation to the 
non abelian case. These problems are still completely open. 

As a third point, one may also wonder whether one can generalize the straightforward proof 
of Appendix 19.51 presented here in the Uq{sl{2)) case, to higher rank. 

Finally, we would like to mention that the coboundary equation originates in the IRF-Vertex 
transform [J], and all the tools are now present for the construction of a universal IRF-Vertex 
transform in the quantum affine case. This universal coboundary element will relate the face 
type twistors and the vertex type twisters of elliptic quantum algebras of m 
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9 Appendix 


9.1 The Balog-D§browski-Feher Theorem 

We give here elements of the proof of Theorem El following the arguments of E]. 

For a finite dimensional simple Lie algebra g, let R{x) be the universal standard solution of 
the QDYBE and assume that there exist M{x), R'^ such that the equation (I87II holds. We fix 
X and expand each factor of in term of h, with q = . We have R{x) = 1 + hr{x) + o{h), 

where 

r{x) = Taix) Ca ® fa with Taix) = (l - . (157) 

j 

As a result, = 1 + hrj + o(^), and the linear term rj is given through (|87|1 in terms of r{x) 
as 

1 ^ 

rj = Mi{x)~^M 2 ix)~^ (^r{x) + - ^Aj{x) A ha^'j Mi{x) M 2 {x), (158) 

^ 1=1 

where A = Aidx'' is a flat connection defined as Ai = Xi{diM)M~^ £ g. The condition diXj = 0 
can then be expressed only in term of r{x) and of the connection A, and reads: 



1 ^ 


1=1 


1 X 

— ^ ( Aj A haj, Ai \ \ ® Ai 

^ 1=1 


= 0 . 


(159) 


Balog, Dqbrowski and Feher have shown that the set of flat connections satisfying this 
equation is empty when g does not belong to the An series. In order to prove this result, 
we decompose A on the root subspaces as 

r 

A, = Y, ha^ + E (160) 

i—1 aG'J’ 


The differential equations satisfied by A are the flatness condition DaA = 0 and the equation 
DA{r{x) + 1 X]j=i A ^l) =0 (Eq. (I159II 1. which give respectively, when projected on the root 
subspaces, 


xAAf - x,d,AT - -r ^ Al“Al-“a(C“-) = 0, 

(a,a 

xAA<^ - x,d,Af - Y A"' - ) = 6’ 


/3.7 

/3+7=a 


xMA^ - A^J + - -^ ^ [Al“Al-“a(C“-) - A^A^aiC-)] = 0, 

ix.a.Al“ + (i - ^r„(x))AlXr") 

+ E N2pA^nA] + ^Y(^nA7-AZAr-Al,Ar)a{haJ=0, 

/ 3,7 m 

/3+7=a 


(161) 

(162) 

(163) 


(164) 
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(165) 




A’t^A^^aiK^)-A^^"^A^I3{K.) - 2(ra(x) - = 0, (166) 


(/ 3 ,/ 3 ) 


for a 7 ^ —/3, where we have denoted [cc, e/ 3 ] = -/V“’J)^ea+/ 3 - 

Combining equations Jl6in6.Sll on the one hand, and equations (11621164(1 on the other hand, 
one obtains respectively the following linear equations for A^ and Af: 


T f) ^ ft A^n _ n 

^n'^n-^i — '-'5 

x„a„ + a{C- )F^ (x) ^ A^a{K^) = 0, 


(167) 

(168) 


whereF(j(a:) = —(l + Oj^j'^^^ The general solution of the equation (116711 

is 


A^=Xndn(l>i, (169) 

where </>/ are arbitrary functions. The general solution of the equation (ima is then 

Af = Cf (1 + Fa) ^ exp ^ ((),„a(/iQ,^)^ , (170) 

j m 

in terms of some (so far arbitrary) constants Cf. 

Let us define the weight (7“ by (7“ = C'fa)', the equations (I165I166II become algebraic 

equations: 

+ (7“((7-“, a) + (7-“((7“, a) = 0, 

(7“((7^, a) - (7^((7“, /?) + (7“+^iV“f^ = 0, 

where we have denoted _/vf ^ 

The first equation is uniquely solved by decomposing (7“ = + K°‘) for a > 0 and 

iL“ ± a. As a result we obtain that C““ = 2 ^^(.—Ci + A'") for a > 0. 

It remains to show that the set of equations (ITTa rules out all the simple Lie algebras except 
the An series. 

Proving this property is simplified by the following observation: if czai admits a solution 
((7“) for a Lie algebra associated to the Dynkin diagram D labelling the simple roots ai,..., a^, 
and if D' is a connected subdiagram of D associated to the roots aj, j G D' c D = {1,..., r}, 
then the orthogonal projection of {C°‘) on the vector space generated by aj, j £ D', is a solution 
of (I172II for the Lie algebra generated by D'. As a result, one obtains that it is sufficient to show 
that the solution of is empty for ZI 4 , B 2 and G 2 for ruling out all but the A„ series. The 
next observation comes from the theorem that if a, /3 are roots such that a + j3 and a — (3 are 
simultaneously non roots, then {a,P) = 0. As a result, in this case, by combining the equations 
(ITTa for q; + /9 and a — (3, one obtains that K°‘ ± /9. As a result, we obtains that AT" _L I 4 , 
where Va = Ca + X]/ 3 g$ trivially have V^a = wVa where w is any element of the 

Weyl group. As a result, codim(Va) only depends on the length of a. 

An elementary analysis ot the root system of D 4 and G 2 proves that codim(Vb) = 0 for all 
roots. Therefore Ka = 0, but the corresponding (7“ is not a solution of (tTTa . 


(171) 

(172) 
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In the case of B 2 one obtains that codim(V"a) = 0 if a is long and codim(I4,) = 1 if a is short. 
The explicit study of the system shows that once again the set of solutions is empty. 

This concludes the proof that the coboundary equation can admit solutions only in the case 
where g = sl{n + 1). 

We will now show that, in the case where g = s/(n + 1), such a solution rj is unique 
up to an automorphism. As we know that with s defined as (EHl), is a solution of the 
coboundary equation in this case (this is a direct consequence of Theorem 0 in the fundamental 
representation, and of TheoremlHlat the universal level), it means that, for any solution rj of the 
coboundary equation, there exists an automorphism ^ of sl(n + 1) such that rj = {(j)® (j}){rT^s)- 
In order to prove this uniqueness property, let us caracterise completely all the possible 
solutions for the connection A in the sl{n + 1) case. In this case, positive roots are of the form 
Ui — Uj, i < j, where rti,... ,m„+i are orthonormal vectors. From the previous considerations, 
giiouldbe simultaneously orthogonal to Ui — Uj and to all Ufe —m; such that {k,l}ri{i,j} = 
0. It is therefore of the form 

and it can be shown, using Eq. that all the constants e^- are equal to some common value 

e G {+1, —1}. Furthermore, still from Ea. (ll72ll . the constants c(q;) associated to positive roots 
have to satisfy 

c{ui - Uj)c{uj - Uk) = €c{ui - Uk), if i < j < k, 

which means that there exists some constants ci,... ,c„ such that, for all positive roots a, we 
have c{a) = e exp . On the other hand, pluging (IlliDII and nrni) into (ITiTTll , we 

obtain the following conditions on the functions (j)i: 

ae$+ I I 

where tp is an arbitrary function. Note at this stage that we may as well fix c{a) = e and absorb 
the arbitrariness of this constant in ip. 

Let us now prove that a modification of the function ip does not affect rj. Let us denote by 
(respectively by A(o), M(o), (?'j)(o) ) the connection, the coboundary and 
the corresponding r-matrix associated to a given ip (respectively to '0 = 0). We have: 


Miijj) = Mio) • (173) 

~ Xjdjg.iij ■ g.^ ~i~ 9’ (^(o))j ' 9ip 1 (174) 

where gip = exp(^^ ha^). Note that, due to the specific form of gip, only the second 
term in ifTTl gives a non-zero contribution to (A(,^))j A ha^, and therefore, 

)( 1 / 1 ) = (117(0)) 2 (117(o))2 i9ip)i { 9111)2 h(^) + 2 (^(o))i 9ib ) 

i=i 

X ( 5 v>)i {9111)2 ( 117 (o))i {M(o))2 

= (117(o))i ^(117 (o)) 2 ^(^(a;) + 2 ^ (^(o))i (-^(o ))2 = (w)(o)- (175) 

i=i 
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Finally, the only arbitrariness in rj is due to gauge transformations of the form 

M{x) ^ M{x) ■ u, 

rj ^ (w (g) (w ® m), u e g, 

and to the automorphism a —a, Vo G $, corresponding to the change e ^ —e. Thus, the 
solution rj is unique up to an automorphism of sl(n+ 1), which concludes the proof. 
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9.2 Miscellaneous lemmas 


Lemma 6: 

Under the hypothesis of Theorem^ we have, for all p = 1,... ,n — 1, 


n —1 n—1 

n {«'.'? {n js } 

k—p k—p 

n—1 n—1 

=(*d®A)(jW) n n 45}43 

7_I 1 7_I 1 


[n-p] 


k—p-\-l 


k—p-\-l 


with 452|3 defined as in 15011 . 


Proof : Reorganising the factors in the product and using successively (EH), Gnii, ESI) 

and we can reexpress the left hand side as 


LHs = wS{wSl}'tf,"(wSr^] 

n—1 n—i 

X n {jU’' w'S j'tut’*" (wS""*'')-')} dr*" {n d?}. 

k—p-\-l k—p 

n — 1 

= 1^15 (w"™ n {43”"’ 


"^13 


k—p-\-l 


-p] 
^23 ’ 


n — 1 

x(irr'+-in 

k—p-\-l 
n—1 

= w[^ ir 15((hpl5)-'vpw(vp'5)-'w"15) n W: 

k—p+l 

n— 1 

X n 45} 

k—p-\-l 

= w^l5 ((w^i‘5)-^w^i3’ 4"(?3'’ {w^h-^w^) 

n—1 

n {^13 43”''’ 4f(43"”"^" (W^i3”'’+4-'W^15) } 

U — ^ I 1 


[k] 

13 


t[^-p] 
'^23 ’ 


k—p-\-l 


X J 


?tp] 


12 


n — 1 

{n ■'0} 


j. 


t-p] 


23 I 


k—p-\-l 


n—1 n—1 

T;^b] t;^[p] j[P.O] TT f ^[k] ^[k-p] j[k-p] j{p,k-p] 1 J{p] ( yT j[k] 1 j 

^^13 ^^12 '^1|2)3 11 ^^^13 ^^23 *^23 ‘^1|2)3 J 12 | H ^12 J 


n-p] 
23 ’ 


k—p-\-l 

n—1 


k—p-\-l 
n — 1 


n—i n—i 

w"4'w^ 154473 4"’ n {w"15w^i3”^'452';b45”"'}{ H 45} 


jj 


[n-p] 


23 ’ 


k—p-\-l 


k—p-^1 


= RHS, 

which concludes the proof. 


□ 
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(176) 


Lemma 7: 

With the hypothesis of Theorem^ we have 

n 

Ul2{x) = 5 ™ n (^[2^'’)-' ^12' , 

k^l 

where Ui 2 {x) = A(7W^''‘^ (a:)) J M^\x)~^. 


Proof : Let us first mention some useful relations which can be derived from the properties of r 


and 

A(e:[+'=i(x)) = k ,2 (x) 4+'=' (x) (5™)-\ (i77) 

(5™(r ® ^d)((M 2 ’, (178) 

{TP(g>id)iR) = (5'b])2 (5'b+il)-i(5'b-il)-ijfpl, Vp > 1, (179) 

= (r'^-i ®zd)(iLi2 (M2)“'Mi 77r2'M2 (Ml)-') 

= (M 2 )-'(M 2 ”'M (M 2 M (M 2 ■'')-^ Vfc > 2. (180) 


Using (tTTTIi . reorganising the factors in the product and using we can rewrite (x)) 

as 


A(At^+^(a;)) = JJ A(d+^](x)), 

k^l 

= 7712 Ml c:M(a^) 

X (T(g)fd)rf[ A'(e:[+'=i(x))') (S'[°1)-^M2 

On the other hand, from insi), J can be expressed as 

n 

j = ]^{5W(5''’+'’)-'>’}, 

71 — 1 

= (S'™)-! n {(^'^ ® *^)(-^) S'b] ( 5 'b+i])-i|. 


(181) 


(182) 


Therefore, 


A(Ad(+)(x)) J = S'™ e:M(2;M^) -S'"” (5'W)-2q-c'”’®c‘"’ {T<g)id)( A'{€^+’^\x))'\ 

^ A.-1 ^ 

n—1 

X n {(^^ ® *^^)(-fi’) (^[p+il)-^}, (183) 

where we have also used cm to reexpress the first factor. To reorganise factors in the product, 
we use recursively the following relation, derived from the quasitriangularity property cni: 


fe=l 


(TP®fd)( A'(£[+'=] (x))] {TP^id)iR) = {TP^id){R) {TP^id)( A(g:[+^'1(:c)) ), 


fc = l 
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which, using and inni), can be rewritten as, 


{tP 0 id) n A'(e:'+'=' (x)) j {(r^ ® id){R) {S^P +^^)-^} 

= (5'b+i])-i(5'[p-i])-iJip] (5 '[p1)2 (5'[p+i])-i 

X (r^+i 0 id) f[ A'{x))\ (184) 

k^l ^ 

This gives us 

A(M(+)(x)) J = S'™ €[^\xq^^) (S'[2l)-ijlil 

n 

p=2 

X (T"®id)(^n A'(d+'=i(x))^, 

n n 

= J| {s'IpI (S'[P+11)-1>1} Y[ (t'^^’"\x), (185) 

p=l k=l 

where we have used (tTM and the nilpotency of r. We finally multiply this expression by 
M^\x)~^, and this concludes the proof. □ 


Lemma 8: 

Under the hypothesis of Theorem\^ we have 


{n^l){Wi2-Wi2){x) = 0, 


with 


W, 2 {x) = €}+\xq^^) {B 2 {x) (5'f)-'^i2 B 2 {x)-^}€[-\x)-\ 

Wi2(x) = e:'-'(x)-i{(5W)-ii?i2^W}e:'+'(a:g^^). 


Proof : A direct computation leads to 

(^ ® h{{S^^h-^Ri2 5 I 2 ) = 1 ® 1 + (1 - q-^) E q ("+1) Eij ^ Ej^i, 

i<j 

(^ ® ^)(B2(x) B2 {x)~^) = 1 ® 1 

+ (1 - g~^) g E,j (g) Ej+i^i+i, 

^ p'i+l 


(^ g) '( 2 ^) ^) = 1 g> 1+y^g-'+i I'k+i 1 g Ek+i,k, 

k=l 


{n 


■n){€f 


[+l(a:g'‘^)) = 10 1 + EE(-ir 


U-i)(i+J-7) 
2(n + l) 


■25, 


i < fc < j 


i<j k 


n- 


^ ^kk ■ 
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Using these intermediary results, it is then straightforward to check the announced result. □ 


9.3 A shortcut construction of M{x) in the Uq{sl{2)) case 

A simpler alternative construction of M{x) solution of the SQDBP can be done in the rank one 
case. This suggests a deeper relation between Primitive Representations of reflection algebras 
and Dynamical coboundaries but we unfortunately have not been able to generalize the present 
method for Uq{sl{n + 1)) with n > 2. The proof is however so simple that we have not resisted 
to include it here. 

Lemma 9: 

Let us define a map G : C ^ ?7q(sZ(2))®^ by Gi 2 {x) = Bi{x)^Ri 2 {x)Kf 2 Bi{x)~^, we have the 
following dynamical quasitriangularity property 

(A(^id){G{x)) = Fi 2 {x)Gi 3 {xq'"^)G 23 {x)Fi 2 {xq'^^)~^. (186) 

Moreover G{x) is an element of Cq{sl{2))^'^. As a result we have also Fi 2 {xq^^) G Cq{sl{2))'^^, 
and {id ^id^ £){Fi 2 {xq^^)) = 1 0 1 for any primitive representation £ of Cq{sl{2)). 

Proof : It is straightforward, using the quasitriangularity property for R, the dynamical 

cocycle equation and the zero weight property of F{x), to obtain that G{x) satisfies the 
dynamical quasitriangularity equation. From the explicit expression of R{x) and from the iso¬ 
morphism between Uq{sl{2)) and tq{sl{2)) we have the property G{x) G Cq{sl{2))'^'^. (This is 
the step we are not able to generalize in the higher rank case). The other properties are trivial. 

□ 

Proposition 11: 

Due to the previous lemmas, for any primitive representation £ of Cq{sl{2)), it makes sense to 
define the following map from C to Cq{sl{2)) by 

M^^\x) = {id ® £){G{x)). (187) 

For any £, M^^\x) verifies the QDBE. Its explicit expression is given by TTM) up to trivial 
gauge transformations. 

Proof : Using previous lemmas and the fact that f is a morphism, we have 

A{M^^\x)) = {A(»£){G{x)) = {id®id®£) {Fi 2 {x)Gi 3 {xq’^^)G 23 {x)F 32 {xq’^^)-^) 

= Fi2{x)M\^\xq^^)Mf\x) 

which concludes the proof of the dynamical coboundary equation. The explicit expression 
is recovered from by a trivial computation. □ 
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